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Abstract
Dynamic congestion pricing is an approach to control the traffic flow on the network
by setting variable tolls that are adjusted with time based on the traffic condition.
Different models have been developed and tested in the past. However, most of these
models are based on deterministic network equilibrium rather than stochastic choices
of travelers, and case studies on complex networks are rare. These disadvantages limit
the use of existing models.
In this research, a new dynamic congestion pricing model is developed based on a
discrete choice framework to capture users’ personal choices. Several solution
algorithms are examined and tested in a synthetic network for solving this model.
Among these algorithms, SPSA is found to be the best, and is applied successfully to
a real case study in Lower Westchester County in New York State. The usefulness and
effectiveness of dynamic congestion pricing is also examined and discussed. The
results show that dynamic congestion pricing has the potential to improve network
performance.
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1. Introduction

Traffic congestion in urban transportation system is an increasing serious problem in major
cities all over the world, causing tremendous economic and social problems, such as increased
fiscal expenditure, air pollution, increased fuel consumption, and health related issues.
Between 1980 and 1997, the aggregate US vehicle-miles traveled in urban transportation
systems increased 67 percent, while the lane-miles only increased by 4 percent. As a result of
the additional vehicle-mile traveled, the average annual hours of delay per vehicle increased
from 100 percent to 300 percent (Skinner, 2000). Studies conducted in 437 US urban areas
show that in the twelve months between 2004 and 2005, gas usage increased by 140 million
gallons equaling about $5 billion, and aggregate travel time increased by 220 million hours.
In 2005, estimated congestion costs amassed to approximately $78 billion as a result of
wasted time and fuel (Schrank and Lomax, 2007).

Despite the worsening situation, there are ways to alleviate congestion from both the supply
side and the demand side. From the supply point of view, congestion alleviation strategies are
generally focused on building more facilities such as roads. However, urban road construction
is very difficult and expensive.

From the demand point of view, congestion pricing is often considered one of the most
efficient solutions for urban traffic congestion. In 1844, Jules Dupuit established the concept
of “road pricing” by introducing a toll for the use of a certain bridge (Hager, 2004). Since the
20th century, it has been well established that people should be charged for road use (Knight,
1924; Pigou, 1912). While certain practical issues are still being discussed, congestion pricing
is generally accepted as a good strategy for traffic alleviation and has already been applied or
proposed in many cities around the world.
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1.1 Overview of congestion pricing
Congestion pricing aims to relieve network congestion or to maximize revenue. While the
latter is more often used by private road operators, the former is the focus of public concern.
The aim of congestion pricing is to ensure a more rational use of road resources. This is
accomplished by charging fees for the use of certain roads in order to reduce traffic demand
or distribute traffic demand more evenly among the traffic network through the day. A toll is
designed to relieve congestion by changing travelers’ behavior. Different classes of users may
respond differently to congestion pricing.

Congestion pricing is usually implemented in two main forms, pricing for roads or pricing for
parking. Based on different toll strategies, road pricing is classified into three categories:

•

Pricing at a cordon area: Drivers are charged a toll for road use in a specific area. The toll
may be charged at the gantry when users enter the area or charged at a later time. The
latter would require the use of electronic recording devices such as cameras to record and
verify the presence of the user. This strategy is usually applied in metropolitan areas, and
has been successfully implemented in Singapore and London.

•

Pricing on urban roads: This strategy is popular in the US. The toll is collected manually
or electronically for the use of a specific road. The tolls, which are collected on the road,
may maintain a flat rate throughout the day, or vary based on the time of day.

•

Pricing on single facilities: Drivers are charged for the use of specific transportation
facilities. One example would be High Occupancy Toll (HOT) lanes where single drivers
pay a fee for using HOT lanes, while drivers of high occupancy vehicles are exempted.

Road pricing is either link-based or path-based. Link-based tolls do not depend on a user’s
travel history because all users traveling through a certain link at the same time are charged
the same fee. On the contrary, path-based tolls are dependent on the previous links of a trip.
The tolls are based on a path rather than a link. Path-based tolls are difficult to implement in a
real network because it is hard to specify each user’s travel path. Therefore, for the purpose of
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this thesis, only link-based tolls will be discussed.

Parking pricing is another component of congestion pricing that is aimed to control traffic by
setting varying parking fees based on location, time, and traffic conditions. Parking pricing is
considered an important part of congestion pricing and is applied almost all over the world.

Parking pricing is quite different from road pricing strategies in terms of principle and
application. While road pricing is generally focused on relieving traffic congestion, parking
pricing is usually implemented as a compensation for property maintenance, land use, and
environmental pollution. Studies show that the elasticity of parking pricing is smaller than
that of road pricing (Alberta and Mahalel, 2006). In addition, parking pricing may elicit
diverse and unpredictable responses from users. For example, if a parking lot charges too
much, a driver may continue to drive around in an attempt to find cheaper parking. This
response to high parking fees may increase traffic congestion. The response to road pricing is
often more homogenous and predictable, leading most researchers to recognize road pricing
to be technically more efficient than parking pricing.

However, a stated preferences (SP) survey recently conducted as part of a parking pricing
study shows that people tend to be more accepting of parking pricing than road pricing
(Verhoef, 1995). People usually consider parking pricing as a regular fee for car ownership,
similar to fuel tax and maintenance costs. In contrast, road pricing is regarded as a
supplemental fee. Thus, from a political perspective, parking policies may receive broader
acceptance.

Since this thesis focuses on the technical aspects of congestion pricing, the discussion will
concentrate on road pricing. In the following chapters, unless otherwise specified, the term
“congestion pricing” will refer to road pricing.
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1.2 Response to congestion pricing
The use of congestion pricing to control network flow is based on the principle that travelers
will respond to congestion pricing by changing route, switching departure time, changing
travel mode, or canceling trip to avoid the toll. Responses to congestion pricing vary between
individuals based on their socio-economic and demographic characteristics (income, gender,
age, occupation, etc.). In addition, perceptions and attitudes of travelers also affect their
decisions. Generally, responses to congestion pricing can be categorized as one of the five
types listed in the following:

•

Route choice: People may choose alternative routes to avoid a toll. Route choice depends
on route attributes (e.g., toll, travel time) and the traveler’s characteristics (e.g.,
familiarity with the network, value of time).

•

Departure time choice: If the toll fluctuates throughout the day, travelers may change their
departure time to avoid peak charges. Compared to route choice models, departure time
choice models are usually much more complicated. Departure time models not only
depend on the traveler’s characteristics and travel times, but are also affected by penalties
for early or late arrival which depend on factors like work schedule and flexibility.
Departure time choice is a major focus in current congestion pricing research.

•

Canceling trip: If the trip is unnecessary, the traveler may decide to cancel the trip in
order to avoid the congestion toll.

•

Mode choice: The traveler may also switch from private car use to other modes such as
public transportation. Mode choice and the decision to cancel trips are sometimes
considered together in congestion pricing research.

•

Destination choice: For non-commuter trip travelers, they may change their destination to
avoid the toll. This usually happens when people have many alternative destinations, and
can choose one of them freely, e.g., shopping. There is no destination choice for
commuter trips.
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1.3 Static and dynamic congestion pricing
There are two strategies in congestion pricing: static congestion pricing and dynamic
congestion pricing. In a static congestion pricing scheme, the toll typically stays the same, or
varies but is predetermined for a long periods of time. The toll level is easy to determine and
control which is why the static congestion pricing scheme is widely used in practice. Oslo in
Norway is a good example of the static congestion pricing scheme. A recent research study
indicated that after a static toll was introduced in Oslo, Norway, traffic was reduced by 5%
within the first year of operation (Ieromonachou, 2006).

In a dynamic congestion pricing scheme, the toll changes during the day based on traffic
conditions on the tolled road. Although a pricing ceiling may established, travelers will not
know the exact cost for their trips, but can only estimate based on the time of day, traffic
conditions, and historical toll records. Dynamic congestion pricing schemes have
demonstrated notable traffic alleviation in real world applications. In 2004, dynamic
congestion pricing schemes were introduced in a traffic network in Santiago de Chile, at four
different points in the network. The tolls were programmed to have three toll prices and to
change from one pricing to the next based on the distance traveled, time of day, and speed of
the traffic flow. Since 2004, drivers have reported a significant decrease in travel time. Road
safety has also increased as a result of decreased accident rates (Road Charging Scheme,
2004). In Orange County, California, a variable toll that adjusts according to traffic flow and
time of day was implemented on road SR 91 Express Lanes. Since the toll was implemented,
the congestion on Highway 91 has dropped to a 15-year low (Yildirim, 2001).

A key concept behind congestion pricing is the economic principle that the toll should equal
the marginal cost of the network users. Static congestion pricing schemes are unable to
capture this principle, making it less effective than dynamic congestion pricing schemes
which are able to capture this idea. Consequently, dynamic congestion pricing schemes have
received much more attention from the research community.
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For the most part, dynamic congestion pricing is still in the theoretical research stage.
Although it has been applied in some cities such as Orange County in California (Yildirim,
2001), the toll prices are usually determined based on the traffic conditions of a single road
instead of the entire network. There are various limitations associated with such an
implementation. First, the network is an inter-connected system. The toll set on one link will
affect the whole network. Therefore, to determine toll prices based only on a single road is
unrealistic. Second, if the toll is only changed based on the tolled road, the traffic may
alternate among several roads. This means that by relieving the congestion of one road,
another road may become congested. Therefore, the current implementations of dynamic
congestion pricing schemes are still immature.

1.4 Motivation
The dynamic congestion pricing models and algorithms are regarded as some of the most
efficient ways to relieve traffic congestion, and are the subject of numerous research studies.
However, past research studies have presented several drawbacks. First, some models only
consider the route choice behavior, while some others only focus on the departure time choice.
Although both aspects are significant, the combination of route choice and departure time
choice is usually more important. Second, while most of the models have been tested using
real case studies, they are based on network equilibrium rather than on users’ choice behavior.
Although the network equilibrium approach simplifies the simulation process, it does not
adequately show the effects of congestion pricing on users’ behavior. Third, almost all of the
previous research efforts only tested models on small networks. To test the true validity and
efficiency of the models, it is necessary to conduct a real case study using complex networks.
These shortcomings motivate the need for further research in dynamic congestion pricing
models.

DynaMIT, the software developed by the Intelligent Transportation System (ITS) lab at the
Massachusetts Institute of Technology, provides a good resource for dynamic congestion
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pricing research (Balakrishna and Sundaram, 2005). As a mesoscopic traffic simulation
software, DynaMIT generates passenger simulations based on OD flow, people’s
characteristics, and the personal choice behavior of each user by using discrete choice models.
DynaMIT then aggregates the passengers to calculate the final flow on each link. This process
is repeated over time to simulate traffic on a specific network. In DynaMIT, each simulated
user will be considered individually and his/her choice will be simulated based on current
travel time and travel cost. Therefore, DynaMIT provides an excellent tool to test dynamic
congestion pricing models based on users’ personal choices.

Real data are also available. In collaboration with the New York State Department of
Transportation (NYSDOT), real data can be obtained from the Lower Westchester County
(LWC) network in New York State, including the network topology, OD flows and sensor data.
The validity and efficiency of dynamic congestion pricing models can be analyzed and tested
by performing a case study using the real LWC network.

This thesis focuses on dynamic congestion pricing modeling based on discrete choice models,
and includes a case study that implements a newly developed dynamic congestion pricing
model in the LWC network.

1.5 Implemented framework
The first task of this thesis is to develop a new dynamic congestion pricing model based on
previous research. The model’s objective is to find a toll strategy that minimizes the aggregate
travel time of all network users. The following relationships are considered as constraints:

Network topology: paths, links and lane connections in the network;
Supply parameters: the relationship between link travel time and link flow;
Demand parameters: origin-destination (OD) flows;
Behavior parameters: route choice and departure time choice, which are analyzed using a

17

discrete choice framework.

An experiment to examine the model on a test network will be required. In order to consider
users’ personal choice, this model will be implemented in DynaMIT. The chosen test network
for this experiment has been used for testing in DynaMIT for several years. Some parameters
will be calibrated, while others may be cited from other studies.

A real case study will be conducted using the LWC network in New York State. With
hundreds of links and nodes, this network is complicated enough for model testing. In
addition, the LWC network has been featured in previous research (Vaze, 2007; Rathi, 2007).
The calibration and simulation results from previous research studies can be cited and
compared to the current congestion pricing research.

1.6 Contribution
This thesis focuses on the development and testing of the dynamic congestion pricing model.
Compared with previous studies, this model has several advantages.

First, the model is based on travelers’ choice behavior. Compared with the deterministic
network equilibrium approach used in previous models, this method with stochastic behavior
choice can explain travelers’ uncertainty of response to congestion pricing more realistically.

Second, by considering route choice and departure time choice together, the model is able to
provide a more comprehensive view of the different effects of congestion pricing, making the
results more credible and persuasive.

Third, after initial examination on a test network, the model is tested in a case study on the
LWC network. The case study provides a more reliable estimation of the validity and
efficiency of the model as well as dynamic congestion pricing.
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1.7 Outline
This thesis is organized as follows. Chapter 2 provides a literature review on models,
algorithms and tests on congestion pricing, especially for dynamic congestion pricing.
Chapter 3 presents a newly developed model that incorporates users’ choice behavior using a
discrete choice framework. The route choice and departure time choice are presented in this
regard. Chapter 4 discusses the methods and algorithms to solve the model presented in
Chapter 3. Chapter 5 presents the evaluation of different algorithms based on the experiments
conducted using a test network. A modified version of Finite Difference Stochastic
Approximation (FDSA) algorithm (FDSA-M) is selected as the best method. Chapter 6
presents a case study where the model from Chapter 3 is analyzed and tested on the LWC
network in New York State. Finally, the research conclusions are provided in Chapter 7.
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2. Literature Review on Dynamic Congestion Pricing

Congestion pricing has been studied worldwide for several decades. Previous congestion
pricing studies usually concentrated on the static aspect, in which the congestion tolls were
either flat or pre-set along the day. Although static congestion pricing neglects several
significant issues, the models and results in route choice and departure time choice are still
quite valuable to be applied in the dynamic congestion pricing model. Recently, dynamic
congestion pricing receives more attention than before. Newer models for both analysis and
simulation have been developed.

The literature review is structured in the following manner: First, the materials on route
choice model and departure time choice model are summarized and analyzed. Next, the
studies on the general structure of congestion pricing, especially dynamic congestion pricing,
are discussed.

2.1 Route choice models
Route choice is crucial for dynamic congestion pricing. Every commuter trip faces route
choice. Although travelers usually have a habitual route for a commuter trip, they may switch
to another path to avoid congestion or a toll. Thus, route choice should be considered
significantly in every congestion pricing model.

In route choice models, one of the most important issues is how to simulate the uncertainty of
travelers’ choices. Two main methods are discussed in this regard, fuzzy logic and discrete
choice model. The potential application of previous research in this thesis is also discussed.
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2.1.1 Fuzzy logic
Fuzzy logic is derived from fuzzy set theory which deals with reasoning by approximation
rather than precision. Fuzzy logic allows the user to set values ranging between 0 and 1. Its
linguistic form expresses the concepts similar to “slightly”, “quite” and “very”, known as
degrees of the truth, which denotes the extent to which a proposition is true. Degree of truth
should not be confused with a probability. For a detailed introduction of fuzzy set and fuzzy
logic, see Zadeh (1965).

Fuzzy logic is shown to be a very promising mathematical approach to modeling traffic and
transportation processes. It has been applied in various traffic and transportation problems,
especially in route choice (Teodorovic and Kikuchi, 1990; Akiyama and Yamanishi, 1993;
Lotan and Koutsopoulos, 1993; Akiyama and Tsuboi, 1996). Teodorovic (1999) has provided
a good summary on the fuzzy logic research in route choice modeling.

The first application of fuzzy logic in route choice can be found in Teodorovic and Kikuchi
(1990). In the paper, an algorithm based on fuzzy logic is developed to solve a two route
problem. In this example, route choice simply depends on the travel time. Denote the travel
time on route A and B as TA and TB; the fuzzy sets of TA are thus represented as: MLTB –
much less than TB; LTB – less than TB; GTB – greater than TB; and MGTB – much greater
than TB.

Two fuzzy indices PA and PB are used to represent users’ preferences for the respective routes.
Thus, they are two positive values that sum up to 1. PA and PB are highly correlated to the
fuzzy sets. For example, if TA = MLTB, PA is a large number; whereas if TA = MGTB, it is
very small. The exact value of PA can be calculated based on the travel time relationship
between the two routes.

When multiple travelers are generated on the network, an algorithm is developed to determine
the number of users in each route based on the previous discussion. The users are generated
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randomly depending on the network characteristics, e.g., the distribution of travel time. The
number of users is simply obtained by adding all PA and PB up.

This algorithm, although simple, provides a general structure of fuzzy logic application in
route choice model.

Akiyama and Yamanishi (1993) have developed another structure of route choice model
using fuzzy logic. The authors first conduct a survey to determine the allowable ranges
between the informed travel time and real driving time; a triangular fuzzy number (TFN)
structure is obtained from the results of the survey. The authors then improve the TFN
structure by three methods. The first method (Method I) is generally used to express the
similarity which is related to fuzzy truth values. The second method (Method II) can be
explained by equality relation between usual numbers with the extension principle. And the
third method (Method III) considers the distributed area of TFN.

A test is then conducted to examine the three methods. Method III is found to provide the
largest informed travel time, followed by Method II and Method I. Although their results are
not as stable as Method I, Methods II and III are still recommended as better approaches after
a comparison of their advantages and disadvantages.

Fuzzy logic has been successfully used in traveler’s route choice model. However, there are
several limitations that confine the further implementations. First, it is lack of theoretical basis
to simulate traveler’s behavior choice by fuzzy logic. Although the simulation results seem
reasonable in many case studies, it is hard to explain traveler’s behavior choice from the
results. Second, there is still no implementation of fuzzy logic in complex networks. Without
the test in real network, the usefulness and effectiveness of fuzzy logic model in route choice
area is in doubt.
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2.1.2 Discrete choice model
Discrete choice models deal with the problems that involve choices among two or more
discrete alternatives. The theory of discrete choice is now well developed and the application
is widespread in numerous areas, such as, marketing, shopping and transportation.

In transportation, discrete choice models have been successfully applied to mode choice,
traffic assignment, airline management, etc. For detailed descriptions about the theory of
discrete choice model and its application, see Ben-Akiva and Lerman (1985).

Discrete choice model has been successfully used in route choice by many researchers.
Ramming (2002) has shown the advantages to apply discrete choice model in route choice.
These advantages include, excellent simulation results, the ability to explain traveler’s
behavior and easy to implement.

Ben-Akiva and Lerman (1985) describe a famous example which is often cited by other
researchers. This example is usually used to prove the powerfulness of nested logit (NL)
model over simple multinomial (MNL) logit in specific problems, including route choice. In
this example, two paths are under consideration as shown in Figure 2.1. Near the destination
path 2 gets divided into two sections.

Figure 2.1: Path choice problem

Only consider travel time in the utility function, and assume the travel time in the two paths
are the same. Thus, without considering a and b, the system part of the utility for path 1 and
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path 2 are exactly the same, leading to the probability for choosing each of them to be 50%.

Now consider the small sections a and b as well. There are three paths in the network now:
path 1, path 2a and path 2b. Based on the multinomial logit (MNL) model theory, since the
travel time among the three paths are the same, the probability to choose each of them is 1/3.

However, this result is unreasonable, because most users cannot identify the difference
between path 2a and path 2b, and the probability to choose path 1 and 2 is therefore the same
as the previous example, which is 1/2.

The reason for this paradox is that the independent and identically distribution (i.i.d.) property
does not hold for path 2a and path 2b, since they overlap each other for most of the part. The
paradox can be solved by using a nested logit (NL) model in which the correlation between

ε2a and ε2b is considered by a nested structure, where path 2a and path 2b are in the same
branch, and path 1 is in another separate branch. The result of the nested logit model is
correct.

Although NL model is more powerful than MNL model in route choice, there are still several
problems. The most serious problem is, the overlap among different paths is hard to consider
in practice. In the previous example, one can simply conclude that the overlap of path 2a and
path 2b is very high, so that the nest can be built by assigning them to the same branch. But in
the real world, if the overlap of two paths is not so high, it is hard to decide how to build the
nest structure. In order to improve it, several other models are developed.

Koppelman and Wen (2000) have developed a paired combinatorial logit (PCL) structure for
the route choice problem. In the NL model, covariances are assumed to be equal among all
alternatives in a common nest, and zero otherwise. PCL model relaxes the restrictions by
allowing for different covariances for each pair of alternatives. The advantages of PCL model
are that different competitive relationships can be estimated between each pair of alternatives;
and the closed form of the PCL model is computationally less intensive when compared to
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other logit models.

The PCL model is a member of the generalized extreme value (GEV) family of models
(McFadden, 1978). PCL and NL are both general cases of the MNL model; but none of them
is a restricted case of the other. In route choice, PCL model can deal with the problems that
can not be formulated by NL model. For example, a three path cases in which path 2 is
overlapping with path 1 in one section, and is overlapping with path 3 in another section.

Cascetta (1996) has developed a structure for considering the overlapping of the routes,
known as C-logit model, which is a modified MNL model. Although some overlapping can be
explained by NL and PCL model, when network expands, the nested structure is very hard to
build. C-logit uses a different modification from the MNL model by introducing a term called
“commonality factor”, which can be interpreted as the degree of overlapping of one path with
other paths. The commonality factor is added in the utility function of a path to decrease its
utility based on the level of overlapping.

A case study was performed based on a sample of 1471 paths chosen from truck drivers on
the Italian inter-city road network. The results show significant improvements by the C-logit
model to the MNL model specification.

Bekhor et al. (2002) have developed another structure to incorporate behavioral theory in the

C-logit adjustment process, known as Path-Size logit. Path-Size logit adds a “size” variable
the utility of alternative routes:

P(i | Cn ) =

exp µ (Vin + ln Sin )
∑ exp µ (V jn + ln S jn )

(2.1)

j∈Cn

where Cn is the available path set for traveler n; Vin and Vjn are the utilities for the path i and j
for traveler n, respectively; µ represents a scale parameter; and Sin and Sjn are the size
variables for path i and j for user n, respectively. The size Sin is defined by:
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l 
Sin = ∑  a 
a∈Γi  Li 

1

∑δ
j∈Cn

L*Cn
aj

(2.2)

Lj

where Γi is the set of links in path i; la and Li are the length of link a and path i, respectively;

δaj is the link-path incidence variable that is one if link a is on path j and 0 otherwise; and

L*Cn is the length of the shortest path in Cn.

Ramming (2002) has performed a comparison among many different models in route choice
including MNL, NL, C-logit and Path-Size logit, and recommended Path-Size logit as the best.
In his thesis, Ramming (2002) also performed a lot of experiments to demonstrate the
usefulness and effectiveness of discrete choice model.

Unlike fuzzy logit, discrete choice model has a solid theory base, and can explain the personal
behavior choice clearly. Based on all these advantages, it is selected as the model used in this
thesis.

2.2 Departure time choice models
Departure time choice is another important part in congestion pricing model. In response to
congestion tolls, users may change their departure time similar to changing a route on the
network. Departure time choice is more complex than route choice, because while users can
choose their routes freely, they cannot depart at any time they want. There is an additional
penalty for deviating from the habitual departure time. On one hand, people should arrive on
time for commuter trips, so they cannot delay their departure too much; whereas on the other
hand, most people do not want to depart too early in the morning either. Thus, the penalty for
departure time choice is more complex than the one for route choice.
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Departure time choice has been attracting a lot of attention recently in research. Various
structures have been developed to formulate it. However, none of them are well accepted.

In a recent paper, Borjesson (2008) developed a mixed logit model to analyze departure time
choice. In trip timing modeling, scheduling disutility is formulated as a function of departure
time shifts from the most preferred departure time (PDT). The shifts are defined as schedule
delay early (SDE) and schedule delay late (SDL):

SDEin = max[ PDTn − DTin , 0]

(2.3)

SDLin = max[ DTin − PDTn , 0]

(2.4)

where DT is the departure time, i refers to alternative and n represents different individuals.

The author considers three alternatives for stated preferences (SP) data, two for cars and one
for public transport. The utility functions are defined as a combination of travel time, travel
cost, SDE, SDL, and the variability of travel time. While combining with the revealed
preferences (RP) data, cost is not available. Thus, cost is not considered for the RP data.

For each individual, consider a SP alternatives sequence iSPn = {i1 ,..., iK } , and a RP
alternative iRPn = {iK +1} . Assuming that the random parameters are independent between RP
and SP choices, the conditional probabilities for each sequence can thus be presented as a
logit function. Then the unconditional probabilities can be simply calculated by an integral of
the conditional probabilities.

The model is then tested by RP-SP data. The reliability ratio is estimated to be 0.74, which is
inline with an earlier study (Black and Towriss, 1993). However, this paper does not provide
a comparison between the results with other methods. Therefore, the efficiency of the model
is in doubt.
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Antoniou (1997) has developed the departure time choice structure based on discrete choice
model. In his master thesis, Antoniou introduces a general structure of the demand simulation
tools for Dynamic Traffic Assignment (DTA), in which the departure time choice is
determined within a more general trip decision structure. A time discretization is applied in
the departure time choice model, in which the departure time is split into five intervals: depart
two intervals earlier; depart one interval earlier; depart on time; depart one interval later;
depart two intervals later. In this structure, interval length is critical, and is pre-set by
experience and experiments. The five-interval structure can be expanded to more time
intervals.

In this structure, departure time is considered together with route choice, where a combination
of one departure time and one route is considered as one alternative. A MNL model is applied
to determine the right departure time and route. In this process, some weighting are applied in
each time interval to capture the passengers’ willingness to change departure time, as well as
the penalty for early and late arrivals. Weighting parameters are determined by calibration.

Ozbay and Tuzel (2008) have used another approach to consider the departure time choice. In
their paper, the authors develop a mathematical formulation at the beginning, in which
maximum available early arrival and maximum available late arrival are considered. By
applying the Lagrangian multipliers, several important values are obtained, including
marginal utility of additional income and marginal utility of additional available time. The
authors then analyze the mathematical formulation stepwise to get a utility function, in which
the utility is formulated by a complex relationship of travel time, travel cost, deviation from
desired arrival time, the time difference between departure and desired arrival time.

The authors then apply this utility in a NL model in a case study in New Jersey Turnpike
(NJTPK) to calculate the value of time (VOT) on it. The mean and standard deviation for
VOT range from $15/h to $20/h and $2/h to $3/h, respectively, which are consistent with
previous research.
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Jou et al. (2008) have developed a departure time choice model for commuter trip in the
morning. In this model, five different time variables are used: departure time, earliest
acceptable arrival time, preferred arrival time, actual arrival time and work starting time.
Based on the five times, the time line is divided into four sections, known as early-side loss
(segment I), early-side gain (segment II), late-side gain (segment III) and late-side loss
(segment IV). The utility of these four sections are all composed of a deterministic part and a
random section.

Assuming the random errors are normally distributed, the authors calculate the probability of
each segment. The model is then solved by maximum likelihood method. All of the estimators
can be estimated accordingly.

The model is tested by a survey data conducted in Taiwan in 2002. It is found that most (52%)
of the arrivals are within 5 minutes of their preferred arrival time, and 75% are within 10
minutes. The gain and loss of a late-side are observed to be greater than those of early-side,
which is consistent with previous research.

Departure time choice is still an immature area, in which none of the model is well accepted.
Among all these models, Antoniou’s model based on discrete choice structure is suitable for
the dynamic congestion pricing model in this thesis, and is proved to be useful in several real
time case studies (Vaze, 2007; Rathi, 2007). Although some modifications are necessary, this
model provides us a good approach to consider the departure time choice in congestion
pricing model.

2.3 General congestion pricing models
In this section, some general congestion pricing structures are discussed. While the paper in
previous sections usually focus on one aspect of congestion pricing, the models in this section
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all concentrate on the whole picture of congestion pricing. Generally, these methods and
algorithms are classified in two types: analysis model and simulation model.

2.3.1 Analysis model
In analysis model, the research usually concentrates on the correctness and completeness of
the model, rather than its application. The model is usually quite complex, and requires
complete information about the network and users. While providing some theoretical
perspectives, the model cannot be applied in practice.

Wie and Tobin (1998) is a good example of analysis model. In the paper, the authors develop
two types of dynamic congestion pricing model based on the marginal cost pricing theory. In
the first model, the arc capacities and travel demands are stable from day to day; while in the
second model, both of the capacity and travel demands fluctuate significantly. The authors
show that two type questions can both be solved by a convex control formulation of the
dynamic system optimal traffic assignment problem with several different origins and
destinations. The equilibrium of the models is proven at last.

In this paper, a general structure of dynamic congestion pricing is developed and proven. One
can examine several significant conclusions theoretically by the model. However, in the
application part, there are still many works left. First, the homogeneous user assumption is
irrational. The authors fail to consider any users’ behavior, e.g., route choice and departure
time choice in their model. Second, it is almost impossible to charge different users different
tolls at the same link based on their destination. Generally, a standardized toll will be charged
for all the users (or based on users’ type, e.g., cars and trucks) on a link.

In addition, in almost all analysis models, too much information is required to determine the
optimal toll. It is too difficult to implement them in practice. This is a common limitation of
all analysis models. This limitation confines the further development of analysis models.
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2.3.2 Simulation model
In simulation model, researchers focus on the application of the algorithm. The model is
usually less complex but more applicable than analysis model. In addition, the authors often
provide an example to test the algorithm. Although simple, the example explains some
characteristics of congestion pricing. Because the purpose of congestion pricing lies upon its
application, the simulation model is regarded as the focus of the congestion pricing research,
e.g., Yan and Lam (1996), Verhoef et al. (1996), Joksimovic et al. (2005) and Verhoef (2002).

Verhoef et al. (1996) have used a two-link network simulation model to examine the effects of
various demands and cost parameters. Several important topics are discussed and tested in the
simple network. Some basic welfare economic properties are discussed for the network with
one route tolled and the other untolled. The factors determining the relative performance of
one-route tolling are examined. It is found that the lower the two cost parameters (one for
free-flow cost and the other for congestion cost) on the tolled route, the more attractive the
tolled route becomes. With identical routes, the attractiveness of the tolled route increases
with the elasticity of the demand. It is also found that with fixed cost or regulation, the
strategy of tolling one route is more efficient than tolling both routes, especially if the cost
parameters for the untolled route exceed that for tolled one. The paper also examines the toll
strategy by maximizing revenue. This paper, while too simple by considering only a two-route
network, provides several useful concepts for congestion pricing.

Yan and Lam (1996) have developed a bi-level structure for determining the optimal toll. A
bi-level programming problem has been applied in traffic assignment successfully before
(Yang and Yagar, 1994; Yang, 1995). The authors introduce this method into this paper to
solve the optimal toll problem. Although the authors only consider the static congestion
pricing based on route choice, this bi-level structure is applied broadly in the future dynamic
congestion pricing research.
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The general structure of a bi-level programming is:

min F (u, v(u ))

(2.5)

s.t. G(u, v(u )) ≤ 0

(2.6)

where v(u) is implicitly defined by

min f (u , v)

(2.7)

s.t. g (u, v) ≤ 0

(2.8)

v

where F is the objective function of upper-level decision maker (in this case, system manager);
u is the decision vector of upper-level decision maker (in this case, road toll); G is constraint
set of upper-level decision vector; f is the objective function of lower-level decision maker (in
this case, network users); v is the decision vector of lower level decision maker (in this case,
network flow); and g is a constraint set of lower-level decision vector.

In the bi-level structure, the system manager chooses toll values u to optimize his objective
function F. The network users, after obtaining the information about the system manager’s
decision, make route choice to minimize their travel cost. The network flow v(u) is thus
determined by aggregating their decisions. Moreover, for any given toll pattern u, it is
assumed that there is a unique flow distribution v(u), which is obtained from network
equilibrium at the lower-level problem. v(u) is also called the response or reaction function.
The optimal toll level u greatly depends on the evaluation of the reaction function v(u). In
other words, users’ route decision corresponds to toll charges.

The algorithm is performed by iteration. First, an initial toll pattern u is selected. Second, the
network flow v(u) is calculated by network equilibrium in the lower-level problem. Third, the
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upper-level objective function is formulated by a local approximation, and a new toll is
determined by solving the approximation problem. If the new toll is close to the original one,
stop; otherwise, go back to the lower-level again.

The authors then develop two algorithms based on this general structure, applying different
optimization method and different strategies to determine the new toll. Two examples are
used to test the algorithms. While the examples are quite simple, the results reveal some
interesting properties of congestion pricing, and demonstrate the efficiency of the algorithms.

Verhoef (2002) has described an algorithm to calculate the second-best optimal toll levels and
toll points in general networks, and test the algorithm in a ten-link network. The algorithm in
this paper, although only based on a static research, expands the scope of congestion pricing
model, because it can be used for studies of various archetype pricing schemes, including
cordon toll, single major highway pricing and parking policies.

The author first develops a model for the fixed location toll. The algorithm determines
network equilibrium based on the economic equilibrium principle in which marginal benefits
equal marginal private costs, which is known as the standard Wardrop condition (Wardrop,
1952). The optimal toll level is determined by maximizing social welfare, which is defined as
total benefits minus total costs. The algorithm is therefore described as two steps. First, for a
given network equilibrium with user level, compute the solution to the optimization problem.
Second, implement the tolls in the network to get new network equilibrium. The two steps are
repeated until convergence.

A numerical example in which some other toll strategies are also implemented in the model is
conducted as follows. The network has ten links, three origins and two “real” destinations (W
and Y&Z). Since the second destination has different parking strategies, it splits into two
different parking nodes, Y for private parking and Z for public parking. Two virtual links are
added connecting to Y and Z. In addition, a link with lane charge restriction also splits into
two parallel links, one free and the other tolled. The test shows that most of the toll levels
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converge for an accuracy limit of 1% by five iterations or less. However, an exception exists,
for that lane the toll converges for no less than 250 iterations.

The author examines the toll points in the next part. The first single toll point is determined by
an indicator Ix, which predicts the welfare gain from implementing a toll on link x from
no-toll equilibrium. The algorithm performs very well in the first toll point searching, in
which the correction between true and predicted welfare gains is 0.9987. In multiple
toll-points case, three attempts have been tried: selecting the toll-points based on the several
highest scores; selecting toll-points one-by-one, taking previous toll points given; or, selecting
the set of toll-points simultaneously. Among them, strategy two is observed as the best one by
considering the accuracy and computation load together. Some combination methods of the
three algorithms are also discussed without simulation test.

This paper provides several new ideas, e.g., parking pricing implementation and toll-points
determination. However, the author only considers network equilibrium to calculate the
network flow. Users’ behavior is excluded, and thus cannot be reflected by the model.

Joksimovic et al. (2005) have designed an optimization structure based on the bi-level
programming by Yan and Lam (1996). On the upper level, a Mathematical Problem with
Equilibrium Constraints (MPEC) formulation is applied to determine the optimal toll by
considering the dynamic nature of traffic flows; on the lower level, users’ behavior will be
considered in route choice and departure time choice by discrete choice model.

The model is composed of three major sections, that is, dynamic network loading (DNL),
users’ behavior and the road-pricing model. While the road-pricing model is on the upper
level, dynamic network loading and users’ behavior model constitute the lower level, known
as dynamic traffic assignment (DTA) model, which can be converted into an equivalent
variational inequality (VI) problem. We describe the two parts of the model separately.

The lower level DTA model contains DNL and users’ behavior model, where the latter is the
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focus of this part. In this part, users’ behavior is characterized by a combination of route
choice and departure time choice. An appropriate random utility discrete choice model will be
used for this purpose. In the users’ utility function, both dynamic travel time element and
dynamic road-pricing toll element are contained. The departure time choice is considered by
introducing penalties for deviating from the preferred arrival time (PAT) and preferred
departure time (PDT), a similar approach using in several research (De Palma and Rochat,
1995; De Palma and Fontan, 2001; Gabuthy et al., 2006).

Based on the calculation of the lower level, the road pricing model can be expressed as an
optimization problem in the upper level. Mathematical problem with equilibrium constraints
(MPEC) is a special case of a bi-level structure where the upper level is an optimization
problem and the lower level is an equilibrium problem, refer to Luo et al. (1996) and
Lawphongpanich and Hearn (2004).

The bi-level problem is solved iteratively until it converges or reaches certain loops. During
the process, the tolls are updated by a simple grid-search procedure each iteration. Some
experiments are performed on a simple network that comprises three links.

This paper leads to a good approach to consider the dynamic congestion pricing. The bi-level
structure is improved in this paper, where discrete choice model is implemented in the lower
level to formulate users’ behavior in both route choice and departure time choice, and an
optimization problem is developed in the upper level to determine the optimal toll.

This model presents a complete structure of congestion pricing model, in which both route
choice and departure time choice are considered. However, there are still some problems in
the structure. First, the model considers network equilibrium instead of travelers’ behavior
choice; second, the optimization algorithm in this paper, a simple random search, is not
efficient for big networks; last but not least, just as all previous research, no real case study is
performed.
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Simulation model has several advantages: first, although simplifying a lot, many models still
have good theoretical basis; second, the models are usually easy to apply in the real network,
and a case study, although simply, is usually followed after the theoretical discussion; third,
the simulation model is easy to absorb good results from other research, e.g., early and late
penalty for departure time choice. Therefore, simulation model attracts more attention in the
dynamic congestion pricing model research.

Nevertheless, several limitations still exist in simulation model. First, the model always uses
deterministic network equilibrium, rather than users’ stochastic choices, to determine the
network flow. Second, the optimization algorithms are usually inefficient. An appropriate
optimization method should be suggested. Third, the test network is too small to examine the
validity and efficiency of the algorithms. A real case study is necessary to test the model and
algorithm, but is rare in the congestion pricing research today.

2.4 Summary
Current dynamic congestion pricing research is classified into two types: first, focus on the
users’ behavioral responses to congestion pricing; second, develop general frameworks of
congestion pricing model.

Within the users’ behavior model research, route choice model and departure time choice
model attract the most attention. Two methods are summarized in the route choice model:
fuzzy logic and discrete choice model. While fuzzy logic is successfully used in some
research, the uncertainty of users’ behavior in route choice is explained better by discrete
choice model. Departure time choice is more complex than route choice. Penalty is difficult to
formulate. Various studies are conducted in this topic, but none of them are well accepted.

Research concentrated on general structure of dynamic congestion pricing often focuses on
two aspects of this topic: analysis model or simulation model. Although the analysis model

37

sheds light on some theoretical viewpoints, it is difficult to implement in the real network.
Therefore, the simulation model attracts more attention. The effect of dynamic congestion
pricing is observed in a lot of research. However, current research on the simulation model
has several drawbacks. First, the network flow is determined by network equilibrium rather
than users’ choice behaviors in most research. Without users’ choice behavior, the
characteristics of behavior response cannot be reflected in deep. Second, most studies only
focus on some aspects of the behavior model. The full set of the behavior model, i.e., route
choice, departure time choice, mode choice and canceling trip choice, is rarely considered.
Third, the test is only performed in a small network in all the research. However, a case study
in real network is necessary to examine the validity and efficiency of dynamic congestion
pricing.
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3. Model Development

In the previous chapters, the existing literature on dynamic congestion pricing has been
summarized, and the common limitations in previous works have been highlighted. The major
limitations include ignoring travelers’ personal choices in the simulation process, failing to
choose efficient optimization algorithms, and the lack of case studies on large networks. In
this thesis, these limitations will be addressed by a new model. In this chapter, a new dynamic
congestion pricing model based on a discrete choice framework is presented. Instead of
considering network equilibrium, this model simulates travelers’ choice behaviors on their
routes and departure time. The structure of the model is implemented in DynaMIT, a
mesoscopic transportation simulation software developed by MIT ITS lab. In Chapter 4,
optimization algorithms to operationalize the model are discussed and summarized. Based on
previous research, appropriate algorithms are selected and tested on a small network in
Chapter 5. A real case study is performed on a network from New York state in Chapter 6.

This chapter is organized as follows: first, the mathematical formulation of the proposed
model is developed; second, the values of the important parameters in the model are estimated
and calculated.

3.1 Mathematical formulation
In congestion pricing problems, the mathematical formulation is critical. It not only provides
a good tool for theoretical analysis, but also presents a clear explanation for the basic
concepts of the problem.

In this section, the dynamic congestion pricing model is developed as an optimization
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problem, where the objective is to minimize the total travel time of all passengers in the
network, and the constraints are governed by the network topology, demand, supply and
choice behavior of the travelers. All these concepts are discussed in detail below. The
simulation conducted in the following chapters is based on this formulation.

3.1.1 Optimization formulation structure
Depending on different purposes, the objectives of congestion pricing can be separated into
network optimization and revenue maximization. While the latter is sometimes used in some
private companies, the former is the focus of congestion pricing research. Several different
quantities can be used to measure the network condition, e.g., total travel time, social welfare
and consumer surplus. While the latter two are feasible for both elastic and inelastic demand,
the total travel time is only feasible for inelastic demand. But compared to the social welfare
and consumer surplus, the total travel time is the more intuitive reflection of the effect of
congestion pricing. Since only route choice and departure time choice are considered in this
thesis, the demand can be assumed to be inelastic, and the objective function is chosen to
minimize the total travel time among all travelers. The optimization problem can therefore be
written as:

Min T ( x, S, D, N , C )
x

(3.1)

s.t.

f ( x, S, D, N, C ) = 0

(3.2)

lx ≤ x ≤ u x

(3.3)

where T is the total travel time experienced by all drivers, x denotes the costs (tolls) to be
optimized, and S, D, N and C represent supply parameters, demand parameters, network
topology and travelers’ choices, respectively. x are the only unknown parameters in this
optimization problem, and are bounded from below by lx and from above by ux.
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The constraints of the optimization problems are formulated by four modules: network
topology (N), supply (S), demand (D) and travelers’ choices (C). Notice that this optimization
problem can be viewed as a bi-level problem, in which the minimization in (3.1) is the upper
level problem, and the evaluation of constraints (3.2) is the lower level problem. In the lower
level, the network condition is calculated based on a given toll x. Then in the upper level, for
the toll value x, the total travel time is calculated based on the current traffic condition.

One of the main differences between this thesis and previous research is that travelers’
personal choices are considered in the lower level problem. The choices are simulated in the
traffic simulation software DynaMIT (see Section 5.2.1 and Antoniou 1997 for details of
DynaMIT). Since travelers’ behavior choices are critical, the following sections focus on the
modeling of travelers’ behavior choices.

3.1.2 Formula development
In this section, the general formulation developed in the previous section is expanded, and the
formulas are discussed in detail. These formulas are all based on discrete choice models,
mainly involving route choice and departure time choice. The following notation is used to
formulate the dynamic congestion pricing model:

n: Travelers, n ϵ 1, 2, 3, … , N;
nk: Path k of traveler n, k ϵ 1, 2, 3, … , Kn;
nh: Habitual path of traveler n, nh ϵ nk, k ϵ 1, 2, 3, … , Kn;
i: Links, i ϵ 1, 2, 3, … , I;
xi(t): Toll for link i at time t;
xnk(t): Toll for path nk at time t;

 = 1 if link i ∈ path nk
δink: Dummy 
;
= 0 otherwise
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d

tn : Departure time for traveler n, d ϵ -2, -1, 0, 1, 2;
ti(t): Travel time for link i at time t;
t nk(t): Travel time for path nk at time t;
early

tn

late

tn

(t): Early arrival time for traveler departing at time t;

(t): Late arrival time for traveler departing at time t.

d

For departure time tn , five different departure intervals will be considered for each traveler:
0

tn: Habitual departure time;
-1

tn : Departure time for one interval earlier;
-2

tn : Departure time for two intervals earlier;
1

tn : Departure time for one interval later;
2

tn : Departure time for two intervals later.

The departure time structure can be expanded to include more departure time intervals in
order to simulate travelers’ choices if necessary. However, this also makes the model more
complex. Thus, the selection of the number of departure time intervals and the interval length
need a lot of experiments, and may differ for different networks and OD flows. It is a good
topic for further research.

The dynamic congestion pricing model is developed in two steps: First, a departure time is
chosen for each individual; second, after a departure time is selected, a route choice model
follows based on the chosen time (see Figure 3.1). This is a sequential MNL model.
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Upper Level: departure time choice
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...
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...
route k

route p-1 route p

Figure 3.1: Structure of dynamic congestion pricing model

There are several different structures to build the dynamic congestion pricing framework. Two
main structures are considered: sequential MNL model and NL model. The sequential MNL
model simulates a traveler’s decision process as follows: First, the traveler chooses a
departure time based on his or her experience of the travel time and the cost on the habitual
path (assuming that the habitual path information is available for all travelers before
simulation). Next, after choosing a departure time, the traveler will select a path. The NL
model simulates the traveler’s decision by a different process. In the departure time choice
model, the traveler makes the decision not only based on the habitual path, but also on all
other available paths by a “logsum” formula. Both structures are reasonable. Experiments are
needed to test which one is better. However, the parameters of NL model are correlated to
each other, whereas the parameters between two MNL models in a sequential MNL model are
independent. In the NL approach, these parameters are also difficult to estimate because of the
high correlation. Thus, the sequential MNL model is selected. In this thesis, the data are not
sufficient to estimate and calibrate all parameters. Some parameters are asserted from the
literature (see Section 3.2).

43

Departure time choice

Departure time choice is considered in the upper level of the sequential MNL models. Based
on discrete choice theory, the probability for traveler n with habitual departure time t to depart
in interval d is:

exp(Vnd (t ))

Pnd (t ) =

∑

, d ∈ −2, −1, 0,1, 2

(3.4)

d'
n

exp(V (t ))

d '=−2, −1,0,1,2

d

where Vn (t) is the utility for departing at interval d when the habitual departure time is t.
d

Notice that the corresponding probability Pn (t) satisfy the following relationship:

∑

Pnd (t ) = 1

(3.5)

d =−2, −1,0,1,2

There are several different utility function forms for the departure time choice. In this thesis,
based on the literature review, four important variables are selected: the cost for the habitual
path, the travel time for the habitual path, the early arrival time length and the late arrival time
length. A constant is also added to capture the differences among these departure times. The
utility function is:

Vnd (t ) = α d + β1' ln xnh (t ) + β 2tnh (t ) + β3tnearly (t ) + β 4tnlate (t );
d = −2, −1, 0,1, 2

(3.6)

where β s are parameters for these variables, and αd is the constant for departure time choice.

In the utility functions, several issues need to be noticed.
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First, αd (d ϵ -2, -1, 0, 1, 2) are the constants to capture the difference among different
departure time interval options. Generally, the utility function maintains four constant
parameters after normalizing one of the five to 0. These parameters can be simplified further
using some assumptions. For example, we can assume that the constants for all other
departure time intervals except departing on time are all the same. The constant for departure
on time is used to capture the inertia of the habitual departure time. In fact, this is the
assumption adopted in this thesis. We discuss this point further in Section 3.2.4.

Second, the effect of cost is represented as a “log” function rather than a “linear” function.
The difference between linear relationship and log relationship is depicted in Figure 3.2. From
the figure, one can notice that the choice probability of the log relationship is much smoother
than that of the linear relationship. Since the choice probability should not be expected to
increase exponentially with the cost, the log relationship is selected to reflect reality.

Departure on time percentage
Log funtion

Linear function
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1
e
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a 0.8
t
n
e 0.6
c
r
e 0.4
P
0.2
0
1

100

200

300

400

500

600

Cost (cent)

Figure 3.2: Relationship between departure on time probability and cost by different function
forms

early

Third, for tn

late

(t) and tn

(t), at least one of them should be 0. Assume that the traveler

arrives just on time if he or she departs at the habitual time; the two variables can be
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calculated as:

tnearly (t ) = max(0, tnd ,0 − t + tnh (tnd ,0 ) − tnh (t ))

(3.7)

tnlate (t ) = max(0, t − tnd ,0 + tnh (t ) − tnh (tnd ,0 ))

early

If the traveler departs at the habitual time, both tn

late

(t) and tn

(t) are 0.

Route choice

After departure time choice, the traveler chooses his or her route. From a literature review,
Path-Size logit is selected for modeling route choice (Ben-Akiva and Bierlaire, 1999,
Ramming, 2002), in which a “size” variable is implemented for considering the overlapping
of the routes. Similar to departure time choice, the probability for traveler n to choose path nk
at time t is:

Pnk (t ) =

exp(Vnk (t ))
Kn

∑ exp(V

nk

, n = 1,..., N

(3.8)

(t ))

k =1

where Vnk(t) is the utility for path nk at time t.

In the dynamic congestion pricing model, costs and times are the only key variables which
vary over time. In contrast, other variables, including the “size”, remain constant during the
optimization process. Therefore, the utility Vnk(t) for path nk at time t is written as:

Vnk (t ) = β1 xnk (t ) + β 2tnk (t ) + Cnk

(3.9)

where β1 is the parameter for path toll, β2 is the parameter for path travel time and Cnk
represents all other variables including the “size”.

Unlike departure time choice, a linear relationship is applied in the route choice model
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between the cost and the utility function. The selection of different function forms is based on
previous research as well as a priori hypotheses. While commuter travelers can usually choose
routes freely, their departure time is often not very flexible. Thus, it is reasonable to consider
route choice more elastic than departure time choice. In this sense, the log function is chosen
for departure time choice, and the linear function for route choice.

Objective function

Based on the previous discussion, the objective function can be expressed as a function of the
travel time and the travel cost. Recall from equation (3.1) that the objective is to minimize the
total travel time T, which is the sum of the expected travel time of all the network users,
stated as:
N

T = ∑ tn

(3.10)

n =1

In this expression, the key is t̄n, the expected travel time of user n, which is:

∑

tn =

Kn

P (t ) ⋅ [∑ Pnk (t ) ⋅ tnk (t )]
d
n

d =−2, −1,0,1,2

(3.11)

k =1

0

d

where tn is the default departure time for user n, Pn (t) is the probability for user n to choose
departure time t, Pnk(t) is the probability for user n to choose path nk, and tnk(t) is the travel
time for user n on path nk at time t.

In sum, the objective function is:

N

Min

∑ ∑
n =1 d =−2, −1,0,1,2

Kn

Pnd (t ) ⋅ [∑ Pnk (t ) ⋅ tnk (t )]

(3.12)

k =1
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Constraints

In this model, the cost variables x are unknown. However, since the relationship between x
and t is very complex, the constraints among them are quite difficult to express explicitly. By
choosing different x, the utility function V changes, this amends the vehicle distribution on the
network, and requires recalculation of the travel time t. This complex relationship among x, t
and V is expressed as an implicit formula:

f (t , x, V ) = 0

(3.13)

This formula does not need to be specified, because the relationship among these variables is
simulated in the DynaMIT software automatically.

3.1.3 Summary of problem formulation
In this section, the expression of the optimization problem will be summarized. All the
expressions have been discussed in previous sections.

N

Min
x

∑ ∑
n =1 d =−2, −1,0,1,2

Kn

P (t ) ⋅ [∑ Pnk (t ) ⋅ tnk (t )]
d
n

k =1

s.t.

f (t , x , V ) = 0
where
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exp(Vnd (t ))

d
n

P (t ) =

∑

exp(Vnd ' (t ))

d '=−2, −1,0,1,2

Vnd (t ) = α d + β1' ln xnh (t ) + β 2tnh (t ) + β3tnearly (t ) + β 4tnlate (t )
Pnk (t ) =

exp(Vnk (t ))

(3.14)

Kn

∑ exp(V

nk

(t ))

k =1

Vnk (t ) = β1 xnk (t ) + β 2tnk (t ) + Cnk

tnk (t ) ≥ 0, ∀k ∈ K n
xnk (t ) ≥ 0, ∀k ∈ K n
d = −2, −1, 0,1, 2
n = 1,..., N

3.2 Parameters implementation
In the previous sections, the optimization formulation has been developed. However, the
simulation of the algorithm also requires the availability of all the parameters. The best
method to obtain these parameters is estimation and calibration. Estimation is usually applied
through the maximum likelihood method to obtain the best parameters fitting the real data.
The purpose of calibration is to get parameters with which the results in DynaMIT fit the
observed data the best. However, current data cannot support either calibration or estimation
for all the parameters, especially the parameters for congestion pricing. For those parameters
which cannot be calibrated, the data are used by referring to the literature. All the parameters
which are discussed here are required by DynaMIT.

Parameters obtained by calibration
The current data can support calibration for the following parameters:


Supply model parameters:


Segment speed-density parameters (free flow speed vmax, jam speed vmin, minimum
density kmin and jam density kjam);
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Segment capacities on freeway and arterial segments;



Capacity factors that determine capacities on segments affected by incidents;



Parameters of time in the route choice utility function β2.

Demand model parameters:


The historical OD flows;



The variance-covariance matrix associated with the indirect measurement errors;



The variance-covariance matrix associated with the direct measurement errors;



The matrices of autoregressive factors.

For a detail discussion of parameter calibration, see Balakrishna (2006).

Parameters obtained from the literature

All other parameters in the model cannot be calibrated, and must be asserted from the
literature. These parameters include:


β1 in route choice utility: parameter for the cost in route choice.



αd (d ϵ -2, -1, 0, 1, 2) in departure time utility: constants for departure time choice.



β1’ in departure time utility: parameter for the cost in departure time choice.



β3 in departure time utility: parameter for the early arrival in departure time choice.



β4 in departure time utility: parameter for the late arrival in departure time choice.

We will discuss each of them in this section.

3.2.1 Parameter for the cost in route choice
The parameter for the cost in route choice β1 is represented in formula (3.9). In this formula,

β2/β1 is known as the value of time (VOT). Because β2 can be obtained from calibration, if
VOT is available, β1 can be calculated by the following relationship:
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β1 = β 2 /VOT

(3.19)

VOT is an important area of transportation research. There are many previous studies on this
topic. Table 3.1 is a summary of some of the previous research on VOT.

Table 3.1: VOT estimation based on discrete choice models
Study

Area

Model

VOT

Leurent (1998)

Marseilles, France

RP, binary logit

$12/h

Algers et al. (1998)

Sweden

SP, mixed logit

$7.96/h

Hensher (1996)

Austrilia

SP, heteroscedastic logit

$6.34-$10.2/h

Calfee and Winston (1998)

Michigan

SP, multinomial logit

$4/h

Ghosh (2000)

I-15, San Diego

RP, conditional logit

$22/h (morning)

Sullivan (2000)

SR 91, California

RP, multinomial logit

$8-$16/h

Small and Sullivan (2001)

SR 91, California

RP, multinomial logit

$13-$16/h

Hultkrantz and Mortazavi (2001)

Sweden

SP, probit

$6.43/h

Data Source: Ozbay and Tuzel (2008)

From previous research, the VOTs in revealed preferences (RP) data are usually much greater
than the ones in stated preferences (SP) data. Compared to RP data, SP data usually contain a
lot of biases. For example, people who dislike the congestion pricing strategy may claim
much lower value of their time than their actual perception. Thus, RP data are usually
regarded as more reasonable and stable. Considering the VOT values in all the research, in
this thesis, we use:

VOT = $15 / h .

3.2.2 Parameters for early and late arrival penalty
Parameters for early and late arrival penalty are represented by β3 and β4. Among different
algorithms in departure time choice research, the concept of early and late arrival penalty is
used by many scholars. The penalty for early and late arrival length is usually compared with
travel time. The proportion between the parameter for early/late arrival and the parameter for
travel time is computed by several studies. Similar as Section 3.2.1, because β2 can be
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calibrated, if the proportion β3/β2 and β4/β2 are available, the parameters β3 and β4 can be
calculated. The results for the studies on the proportion are summarized as Table 3.2.
Table 3.2: Estimation of the early and late arrival penalty
Date Source

β3/β2

β4/β2

De Plama and Rochat (1995)

0.3

2.7

De Plama and Fontan (2001)

0.5

2.5

Gabuthy et al. (2006)

0.3

2.5

From previous research, the cost of travel time is usually greater than the cost of early arrival,
but is much smaller than the cost of late arrival. Since the estimations for these penalties are
similar, we just refer to the most recent results in this thesis, that is:

β3 / β 2 = 0.3
β 4 / β 2 = 2.5

3.2.3 Parameters for departure time choice
Parameters for departure time choice include αd (d ϵ -2, -1, 0, 1, 2) and β1’. Since it is very
difficult to estimate five parameters together, they need to simplify further. Consider the
constants for different departure times. Except the habitual departure time, travelers may not
differentiate the difference among other departure times. Thus, we assume that there is a
constant (α0) for habitual departure time to capture the inertia of the traveler’s departure time
choice, and all other constants are 0, that is, α -2 = α -1 = α 1 = α 2 = 0.

Because of the log relationship between cost and utility function in departure time choice, the
parameters for departure time choice α0 and β1’ are hard to estimate separately. In Jou et al.
(2008), the authors report the result that 20% of commuters are likely to switch their
departure time. In this thesis, α0 and β1’ are adjusted to reflect the departure time percentage
corresponding to this number.
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It should point out that all these parameters need to be checked in DynaMIT, that is to say, the
estimation results in DynaMIT should be reasonable under these parameters.

3.3 Summary
A dynamic congestion pricing model is developed and discussed in this chapter to address
some of the gaps identified through the literature review in Chapter 2. The model is
constructed as a non-linear optimization problem with the objective to minimize the total
travel time among all network users. In order to perform simulation, the model is
implemented in DynaMIT, a mesoscopic transportation software developed in MIT ITS lab.
The parameters in the model, which are necessary for simulation, are also discussed in this
chapter. Although calibration and estimation are known as the best methods to get the
parameters, some parameters are obtained by referring to other materials because of the lack
of data.
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4. Solution Algorithm

In Chapter 3, the dynamic congestion pricing model has been developed as a non-linear
optimization problem. The implementation of the model has also been discussed. This chapter
focuses on the solution algorithm for the model. The characteristics of the dynamic
congestion pricing model are analyzed; then the optimization methods for the non-linear
problem are overviewed and summarized. Based on the characteristics of the model and the
results of previous research, some appropriate algorithms are selected and tested in the
following sections.

4.1 Characteristics of the dynamic congestion pricing model
As formulated in Section 3.1.3, the dynamic congestion pricing problem is modeled as
follows:

N

Min
x

∑ ∑
n =1 d =−2, −1,0,1,2

Kn

P (t ) ⋅ [∑ Pnk (t ) ⋅ tnk (t )]
d
n

k =1

s.t.

(4.1)

f (t , x , V ) = 0

The formulation possesses several characteristics that affect the effectiveness of the solution
algorithms: large scale, non-linearity and implicit expressions.
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4.1.1 Large scale
Large scale is mainly caused by the dynamic characteristics of the problem. Because the tolls
are changed by time, there can be many different toll values in the whole simulation period.
For example, in a 10 toll plaza test scenario from 6:00 am to 9:00 am, if we assume the toll is
changed every 15 minutes, the total number of unknown parameters is 10×12=120, which is a
relatively large number for non-linear optimization problems.

4.1.2 Non-linearity
As observed from Equation (4.1), the optimization formulation is highly non-linear. The
non-linearity mainly comes from the probability calculation (departure time choice
probabilities and route choice probabilities). In MNL model, the probability for an alternative
is calculated by an exponential function, where all parameters, including the unknown
parameter costs, are contained in the exponent.

There are no universally accepted algorithms for non-linear problem, especially for the
large-scale, highly non-linear problems. Because the objective function may contain many
local minima, analyzing the shape of the objective function is usually impractical. Numerous
algorithms have been developed, but none of them can guarantee the global minima.

4.1.3 Implicit relationship
The implicit relationship mainly comes from the complex relationship among travel time,
travel cost and the utility function, which is similar as a black box. Every time it receives an
input value, it will return an output. But the explicit relationship is very difficult to obtain.
The implicit relationship also affects the objective function, in which travel time and travel
cost are interconnected to each other.
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Based on the characteristics of the problem, the most time consuming step is the function
evaluation. For large network, each function evaluation may take for more than one hour.
Thus, the algorithms with less function evaluations are considered more feasible for this
problem. The following discussions are all based on this basic point.

4.2 Overview of optimization algorithms
Due to the characteristics of the dynamic congestion pricing model, appropriate algorithms
should be selected carefully. In this section, several optimization algorithms are reviewed.
Based on the previous research, such as Balakrishna (2006), some algorithms are chosen as
candidates, and discussed in detail.

Any optimization problem can be converted to a minimization problem with an objective
function to be minimized subject to a set of constraints. If both the objective function and
constraints are linear with respect to the unknown parameters, the problem is known as a
linear optimization problem, which has been already solved perfectly by simplex algorithm
(Dantzig, 1963) and interior point methods (Karmarkar, 1984).

If either the objective function or the constraints are non-linear, the problem becomes a
non-linear programming problem. The classical optimization algorithms for the non-linear
problem include Newton’s Method (Ypma, 1995), Conjugate Gradient Method (Hestenes and
Stiefel, 1952), etc. In these methods, a gradient vector is critical, which provides useful
information about the direction to improve the objective function. However, because of the
characteristics of the dynamic congestion pricing problem, these classical methods are not fit
for it. The classical methods can only converge to the local minima rather than the global
optimum. Thus, for highly non-linear optimization problem, the results of these methods can
be sub-optimal. Moreover, in dynamic congestion pricing model, because of the complex
relationship among several variables in the objective function and the constraints, the gradient
vector is impossible to obtain directly. Therefore, more appropriate algorithms are necessary.
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In this thesis, the optimization algorithms for large-scale, non-linear problems with implicit
expressions are summarized into three categories: path search methods, pattern search
methods, and random search methods. The categories are derived from Balakrishna (2006).

4.2.1 Path search methods
In path search methods, an initial solution vector is used as the starting point, from which the
solution moves certain distance forwarding in a direction so as to improve the objective
function value. Usually, the direction is determined by the gradient of the function. If the
gradient is not available, it is estimated before moving. Two methods are reviewed in this
category: response surface methodology and stochastic approximation.

4.2.1.1 Response surface methodology

Response surface methodology (RSM) (Kleijnen, 1987) is widely applied in highly non-linear
optimization. It starts from an initial point, and keeps moving from point to point in the search
space. The movement is based on the gradient of the objective function, which is evaluated in
the vicinity of the current parameter vector in a local polynomial approximation. The
evaluated points are determined systematically, such as from an experimental design.
Typically, the response surface is chosen as linear or quadratic.

RSM can be implemented in two ways: sequential search or meta-models. In sequential
search method, linear response surfaces are applied repeatedly until the objective function
does not improve further. Then a quadratic surface is used until the gradient estimate
converges to zero. Sometimes the higher order approximations are also applied, depending on
the accuracy requirements of the problem. In meta-models methods, the function values of a
set of points will be used to fit a response curve or meta-model. Then the meta-model’s
gradient is generated, and the parameters and points are updated by deterministic optimization
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method. The process will be repeated until convergence.

SNOBFIT (Huyer and Neumaier, 2004) algorithm is developed recently as an extension of the
RSM type algorithms. Rather than searching for a path to the optimum, SNOBFIT fits a
quadratic response surface at multiple points in each iteration. In SNOBFIT, a set of points
around the local quadratic surfaces will be generated and maintained. In each iteration of the
optimization process, a set of five types of points are recommended: Type 1: a single point to
minimize the quadratic approximation; Type 2: a single point generated by solving an
identical problem with a certain radius; Type 3: points chosen from the minima of all
remaining points; Type 4: points from unexplored regions; and Type 5: points that are
generated randomly to maintain a certain number of required points.

At the end of each iteration, a new set of points containing these five types of points is
recommended based on minimizations of the quadratic approximations. The number of points
in different types is chosen to reflect the balance between global and local searching. The
function value is re-evaluated for the next iteration until convergence.

4.2.1.2 Stochastic approximation

Stochastic approximation (SA) is one of the most important methods in the family of path
search algorithms. SA, as well as its derived algorithms, traces a sequence of points in the
search space that converges to the point with zero gradient of the objective function.
Generally, the parameter vector θi+1 at the beginning of iteration i+1 is generalized as:

θi +1 = θi − ai gˆ (θi )

(4.2)

where θi represents the parameter vector at the beginning of iteration i; ĝ(θ i ) is the current
estimation of the gradient; and ai is the step size of iteration i. There are several different
versions of SA algorithm based on the different gradient functions ĝˆ (θ i ).
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Robbins-Monro Stochastic Approximation

Robbins-Monro Stochastic Approximation (RMSA) is the original version in the family of
stochastic approximation technique. In RMSA, the gradient is calculated most intuitively as:

θi +1 = θi − aiY (θi )

(4.3)

where Y is an instance of the stochastic gradient of the objective function f. The expected
value of Y is corresponding to the direct derivative of the objective function, which is:

E (Y (θi )) =

∂f
(θi )
∂θ

(4.4)

RMSA is the most intuitive algorithm in the family of stochastic approximation methods.
Although it provides the theoretical basis and is applicable in various problems, there are
several drawbacks in RMSA.

First, there is no guarantee that the new point θi+1 will satisfy all the constraints. To expand
RMSA by fulfilling the constraints, Kushner and Yin (1998) introduced the projection
operator Πc that would confine the solution inside the feasible space. The θi+1 is thus
calculated as:

θi +1 = Π c [θi − aiY (θi )]

(4.5)

Second, RMSA applies gradient measurements directly, which is not available in many
complex objective functions. In fact, in the dynamic congestion pricing model in this thesis,
the direct derivative of the objective function is impossible to obtain.
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To improve RMSA’s feasibility in the complicated objective functions where the gradient
measurements are not available, two other algorithms are developed, Finite Difference
Stochastic Approximation (FDSA) and Simultaneous Perturbation Stochastic Approximation
(SPSA).

Finite Difference Stochastic Approximation

FDSA (Kiefer and Wolfowitz, 1952) aims to calculate the gradient measurements by
evaluating the objective functions instead of calculating the direct derivatives. Each
component of gradient vector is calculated by differencing the objective function, then
dividing by the corresponding difference in θi values, written as:

gˆ ij (θi ) =

f (θi + ci e j ) − f (θi − ci e j )

(4.6)

2ci

where ej denotes the vector with component j equal to 1 and all other components equal to 0.
Notice that

lim gˆ ij (θi ) = lim
ci →0

f (θi + ci e j ) − f (θi − ci e j )

ci →0

2ci

=

∂f (θi )
∂θi

(4.7)

corresponding to the gradients definition in formula (4.4).

FDSA algorithm is performed by the following steps:

1. Initialize at step i = 0 by θ i = θ 0, the priori values of the initial vector. Choose
non-negative coefficients a, A, c, α and γ according to the characteristics of the problem.
2. Move to the next iteration i = i + 1 ; recalculate the step size a i and ci as

ai =

a
c
and ci = γ
α
( A + i)
i
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3. The component j of the gradient vector is obtained by formula (4.6). The gradient vector
ĝi(θ i ) is consisted by J values ĝi j (θ i ), j = 1,2,…,J.
4. Update the point by:

θi +1 = Π c [θi − ai gˆ i (θi )]

(4.8)

where Πc is the constraints to confine the new vector in the feasible space.
5. Go back to step 2 until convergence or reaching the maximal iterations.

Simultaneous Perturbation Stochastic Approximation

Different from FDSA, in SPSA (Spall, 1992, 1994a, b, 1998a, b, 1999), all the components in
the gradient vector are estimated simultaneously by just two measurements of objective
function, written as:

gˆ ij (θi ) =

f (θi + ci ∆i ) − f (θi − ci ∆i )
2ci ∆ij

(4.9)

where ∆i is a J-dimensional perturbation vector consisting of component-wise perturbations
∆ij.

SPSA algorithm is performed by the following steps:

1. Initialize at step i = 0 by θ i = θ 0, the priori values of the initial vector. Choose
non-negative coefficients a, A, c, α and γ according to the characteristics of the problem.
2. The number of gradient calculations grad_rep is selected, which is the average gradient
estimate at θ i .
3. Move to the next iteration i = i + 1 ; recalculate the step size a i and ci as

ai =

a
c
and ci = γ
α
( A + i)
i

4. A J-dimensional vector ∆i is generated. ∆i is the independent random perturbations in
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which each element ∆ i j (j = 1,2,…,J) is chosen from a probability distribution satisfies
that:
1) it is symmetrically distributed about zero;
-1

2) both |∆ i j | and E|∆ i j | are bounded above by constants.
Bernoulli distribution with ∆ i j = ±1 with equal probability is recommended by literature.
+

-

5. Two evaluation points are obtained by θ i = θ i + ci ∆ i and θ i = θ i - ci ∆ i. The objective
function is calculated at these two points, and confined by a pre-determined constraint,
e.g., by lower and upper bound.
6. The component j in the gradient vector is approximated as

gˆ ij (θi ) =

f (θ i+ ) − f (θi− )
2ci ∆ij

(4.10)

7. Repeat step 4 to 6 grad_rep times using independent ∆i, and average the gradient vector
for θ i .
8. Update the point by formula (4.8), where Πc is the constraint to confine the new vector in
the feasible space, and ĝi(θ i ) is consisted by J components ĝi j (θ i ), j = 1,2,…,J.
9. Go back to step 3 until convergence or reaching the maximal iterations.

4.2.1.3 Comparison of different algorithms in path search method

From the review of the optimization algorithms and the characteristics of the dynamic
congestion pricing model, three algorithms are chosen as the potential solution methods for
the problem: FDSA, SPSA and SNOBFIT. Several studies have been already performed in the
comparison of these algorithms. In this section, the comparison is introduced by referring to
the literature.

Comparison between FDSA and SPSA

The convergence characteristics of FDSA and SPSA depend on the choice of gain sequences
{ai} and {ci}, but is not guaranteed (Spall, 1999). The best sequences are found to approach
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zero at appropriate rates neither too high nor too low. The performance of these algorithms
thus largely depends on the selection of the parameters a, A, c, α, γ and grad_rep.

The effectiveness of the SA algorithms is usually measured by the number of evaluations of
the objective function, because it is the most time consuming step in the optimization process
in complex non-linear problems. In FDSA, the number of evaluations in each step equals two
times the dimension (J) of the gradient vector, plus an additional evaluation in the updating
step. Thus, in each iteration,

niFDSA = 2 J + 1

(4.11)

In SPSA, there are only two evaluations in each gradient calculations step. Considering the
number of gradient calculations grad_rep and the additional evaluation at the updating point,
in each iteration,

niSPSA = 2 grad _ rep + 1

(4.12)

The total number of evaluations in each algorithm is thus:

N FDSA = n FDSA (2 J + 1)

(4.13)

N SPSA = n SPSA (2 grad _ rep + 1)

(4.14)

where nFDSA and nSPSA are the number of total iterations in FDSA and SPSA, respectively.

Spall (1998b) has performed a detailed discussion of the comparison of efficiency between
FDSA and SPSA in the overview of the SA algorithms. In that paper, Spall claimed that in
most practical problems, SPSA performed better than FDSA. If the {ai} and {ci} are chosen
2

as recommended in this paper, then by equaling the asymptotic mean squared error E(||θi-θ*|| )
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in SPSA and FDSA,

No. of measurements of the objective function in SPSA
1
→
No. of measurements of the objective function in FDSA
p

(4.15)

where p is the number of variables in the objective function.

Spall also performed an experiment of the convergence of a 2-variable function (p=2) in
SPSA and FDSA, and showed that the two algorithms reach the solution in same number of
iterations (Figure 4.1).

Figure 4.1: Comparison between the convergence of FDSA and SPSA

*

However, sometimes in noise-free environment, FDSA is found to perform better if the
number of iterations is small (Chin, 1997).

Comparison between SPSA and SNOBFIT

The comparison between SPSA and SNOBFIT can be found in Balakrishna (2006). In his
*

Source: Spall (1998b).
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thesis, Balakrishna aims to get the best estimation of the demand and supply parameters of
DynaMIT. The calibration is performed by minimizing the error measurements root mean
square error (RMSE) and root mean square normalized error (RMSN) between the estimated
value and the true value of some observed variables, e.g., sensor counts of vehicles. The test
is performed in an 8-node synthetic network. The results show that both SNOBFIT and SPSA
improve the quality of estimation (Table 4.1).

Table 4.1: Estimation results of SNOBFIT and SPSA

Algorithms

Calibration data by counts
RMSE by counts

RMSE by speed

Original

17.19

3.85

SNOBFIT

15.87

3.02

SPSA

15.90

3.17

Source: Balakrishna (2006)

The estimation result of SNOBFIT is usually better than SPSA in the long run. However, the
running burden for SNOBIT is much higher in term of the number of evaluations of the
objective function. In the comparison between FDSA and SPSA, the number of total
evaluations for SPSA has been already estimated by formula (4.14). Similarly, the number of
evaluations for SNOBFIT is:

N SNOBFIT = n SNOBFIT ( J + 6)

(4.16)

where J denotes the number of unknown variables in the objective function, and nSNOBFIT is
the number of iterations required for SNOBFIT to converge. Notice that in SNOBFIT, at least
(J+6) points are needed in each iteration.

Because the running burden for SNOBFIT is much higher than SPSA, the convergence speed
for SNOBFIT in terms of the number of iterations is much less (Figure 4.2). Thus, although
SNOBFIT can obtain a better result in long run, it is not fit for the dynamic congestion pricing
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model, in which the evaluation of the objective function is very time consuming.

Figure 4.2: Comparison of estimation results for SNOBFIT and SPSA

*

4.2.2 Pattern search methods
In pattern search methods, the best direction of movement is determined by the comparison of
function values instead of the derivative calculations. Thus, it is often listed under direct
search methods.

4.2.2.1 Hooke and Jeeves method

Hooke and Jeeves (1961) developed an algorithm for the non-linear optimization problem.
Starting from the initial point θ0, the algorithm begins to search at the direction of the first
component of θ0 for j=1. Two evaluations of the objective function are performed on both
sides of θ0 by maintaining the remaining parameter dimensions j=2,3,…,J constant. If an
*

Source: Balakrishna (2006).
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improved point is observed on either side, the step size will be reduced. The search will be
repeated until a local descent direction is identified for j=1.

Then an intermediate point is generated at the minima of the first iteration. The algorithm
continues to perform similar steps for j=2 at the new intermediate point. This process will be
repeated for each j=3,4,…,J respectively. The result is updated after each estimation.

This algorithm is not appropriate for the complex, large-scale and highly non-linear problems.
First, this algorithm does not perform well in the balance of local minima and global optimum.
Its movement gets usually confined to a local area in the first several steps, and then moves
very slowly in the following searches. Second, a new pattern requires at least J+1 evaluations
of the objective function, which is very time consuming, and thus does not fit the
requirements of the large-scale problems.

4.2.2.2 Nelder-Mead (Simplex) method

Nelder-Mead method (Nelder and Mead, 1965) maintains a “simplex” made of J+1 points.
The initial points are generated randomly confined by the constraints. The evaluations of all
these points are performed before the algorithm starts running. In each iteration, the worst
point is replaced by a new point at the center of the remaining points in the simplex. The new
point is also evaluated. The process is repeated until very little improvement can be achieved
by replacing the worst point.

While the Simplex method is useful in practice, the convergence is hard to prove, especially
for high dimensional cases with J>2 (Lagarias et al., 1998).

4.2.2.3 Box-Complex method

Box (1965) has developed an extension of the Nelder-Mead approach, known as
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Box-Complex method. In Box-Complex method, at least J+2 points are required to maintain
instead of J+1 points in Simplex method. Box (1965) suggested 2J points as a practical
setting.

At the beginning of the algorithm, a “complex” of S(>J+1) points is generated randomly. The
objective functions are evaluated in all the points. In each iteration, the worst point is replaced
by a new point, which is set to be equal to the centroid of the remainder of the complex, as
well as the replaced point. The dimension of complex is expanded in this process. If the new
point repeats as the worst point, it moves half the distance towards the centroid of the
remaining points. This process is repeated until some pre-determined criteria are satisfied.

Box-Complex algorithm has better ability to achieve the global optimization. However, it
cannot guarantee the improvement from the best point at each iteration. In addition, if the
worst point repeats, Box-Complex algorithm will perform multiple evaluations on the
objective function. In such case, the convergence speed becomes very slow in terms of the
number of function evaluations. This is not unusual in the optimization problem with complex
objective function.

4.2.3 Random search methods
In random search methods, the search is usually performed in the whole feasible space rather
than along a single search path. The parameter vectors are updated by probabilistic
mechanisms with the hope of improving towards optimality. Derivatives are not applied in the
updating process of the parameters. In this kind of methods, the optimal solution is never
guaranteed, and the convergence is not provable theoretically. The effectiveness of the
random search methods is mainly based on experiments and tests. In this section, two
important random search methods are reviewed, simulated annealing and genetic algorithms.
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4.2.3.1 Simulated annealing

Simulated annealing (Metropolis et al., 1953; Corana et al., 1987) is an optimization
algorithm simulating the physical process of cooling. A high temperature is chosen at the
beginning of the algorithm, and the temperature is reduced in each successive iteration. The
aim of simulated annealing is to reach the lowest possible temperature. A “learning” progress
is applied in the optimization process by traveling downhill generally with a decreasing
probability of traveling uphill. A big probability allows the process to jump out the local
optima, but also slows down the speed to convergence. The selection of the probability
controls the balance between local minima and global optimum.

The primary advantage of simulated annealing is the ability to jump out the local optimum. It
is found to be effective in combinatorial optimization problems. However, the performance of
simulated annealing in continuous variables problems and large problems is unattractive.
Goffe et al. (1994) analyzed a 2-variable test case with 3789 evaluations of the objective
function, which is too heavy for a small example. In addition, because of the lack of
theoretical studies on simulated annealing, the convergence cannot be guaranteed.

4.2.3.2 Genetic algorithms

Genetic algorithms (GA) (Holland, 1975; Goldberg, 1989) belong to a class of evolutionary
algorithms which simulate the optimization process as the evolutionary progress including
inheritance, mutation, selection, and crossover. In GA, the solution point will be represented
by an abstract individual, known as chromosome, which is traditionally expressed by strings
of 0s and 1s, while other encodings are also possible. At the beginning, a population of a
number of chromosomes is generated. In each iteration, some new chromosomes are created;
while some existing chromosomes are killed, similar to the biological process of “birth” and
“death”. The new chromosomes are generated based on mutation and crossover, which also
simulates the natural process “inheritance”.
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These major operations are explained as follows:


Mutation: the process to generate new chromosomes. Two existing chromosomes, called
“parents”, switch a part of their elements, getting two new individuals, named “children”.
When children are born, parents are still alive.



Crossover: the process to generate new chromosomes. From one existing chromosome,
the “father”, changes part of its components by some random elements, obtaining a new
individual, the “son”.



Selection: at the end of each iteration, because mutation and crossover are performed,
various new chromosomes are generated. In selection operation, some chromosomes are
killed, either existing individual or new members, to maintain the balance of the
population. The selection is based of the fitness of the chromosome. Better chromosomes
(e.g., the chromosome with low objective function value in the minimization problem)
have lower probability to be killed, and thus are more likely to survive. The selection
process maintains a fixed number of chromosomes in each iteration, and helps prevent
premature convergence by a probability rule.

Comparison between GA and SPSA

Vaze (2007) has performed a comparison between the performance of GA and SPSA in a
synthetic network. In the test, demand and supply parameters of DynaMIT are calibrated, and
the objective function is the RMSN between the observed data and the estimated data. The
results are shown in Figure 4.3.

Figure 4.3: Comparison of estimation results for SPSA and GA
*

*

Source: Vaze (2007).
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From the comparison, Vaze concluded that the final results of GA and SPSA are similar.
However, the number of evaluations of the objective function in GA is much greater than that
in SPSA. Thus, SPSA is considered a better method for complex problem where the function
evaluation is very time consuming.

4.3 Summary
In this chapter, various optimization methods have been reviewed. The optimization methods
are classified into three categories: path search methods, pattern search methods and random
search methods. Based on the characteristics of the dynamic congestion pricing model,
several candidates are selected and discussed, e.g., FDSA, SPSA, SNOBFIT and GA. From
the previous research, SPSA is regarded as the best performing method in large-scale,
non-linear optimization problems with implicit objective functions which are time consuming
to evaluate. Thus, SPSA is selected as the first candidate in this thesis, and other methods are
also considered if needed.
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5. Assessment of algorithms in synthetic network

In this chapter, the dynamic congestion pricing model developed in Chapter 3 is tested on a
synthetic network using DynaMIT. Some candidate optimization algorithms are tested in this
regard. From the discussion in Chapter 4, SPSA is tested first; a modified version of FDSA,
which is named as FDSA_M, is also examined. A conclusion is drawn at the end of this
section.

5.1 Case study description
The case study is performed on a small network used in the study by Vaze (2007) with some
modifications of the network topology and the demand to fit the congestion pricing purpose
better. All components of the experiment will be discussed. Some parameters refer to the
results from Vaze (2007). This section is organized in the following manner: First, the
network topology and the historical data (such as demand, travel time and toll) are provided;
then, the parameters related to the experiment are calculated.

5.1.1 Experiment design
The synthetic network has been used by Vaze (2007) to study the performance of different
algorithms in parameter calibration of DynaMIT. Based on the purpose of this thesis, several
modifications are made from the previous network in both the network topology and the
demand to fit the congestion pricing test better. The network and the corresponding demand
are described in detail in this section.

The synthetic network consists of 14 nodes and 16 links. All the links are directed with only
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one segment, i.e., the cross sectional characteristics do not change in the entire length of the
link. Each link contains two lanes, connecting directly to each other at the intersections. The
research period is one hour and a half, from 7:30 am to 9:00 am, in which the period from
8:00 am to 8:30 am is the peak hour. The simulation period is half an hour longer than that
(7:30 am to 9:30 am) to let all vehicles in the estimation period to finish their trips so that the
demand is inelastic and the results are comparable. The estimation length is 15 minutes,
which is also the interval length. The simulation is updated every minute. Three toll plazas are
set on link 3, link 4 and link 7. The network is depicted in Figure 5.1.
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Figure 5.1: Synthetic network topology

16 origin-destination pairs are assigned on the network, among which the ones from 1 and 2
are the major source of the OD flow. The peak hour appears at 8:00 am to 8:30 am, where the
heaviest demands are assigned. A reasonable set of OD flows has been selected such that the
traffic burden on the network is neither too heavy nor too light. Among all the travelers, it is
assumed that half of them are available to receive the real time toll information, which means,
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only half of them can react to different toll strategies by changing departure time or changing
route.

Three toll plazas are set on the important links of the network (refer to Figure 5.1). Because
there is no historical toll data available, a simple toll strategy is used as the historical data, in
which the toll is set to $2.00 for peak hours (8:00 am to 8:30 am), and 0 for the rest of time.
The historical travel time without toll is simulated by DynaMIT.

5.1.2 Parameter calculation
The methods for calculating parameters in DynaMIT have been discussed in Section 3.2.
Based on the discussion in that section, the best approaches to obtain the parameters are
estimation and calibration. If neither of them can be supported by the data, the parameters are
referring to the literature. In this section, the methods are applied to acquire the value of
parameters in the synthetic network.

5.1.2.1 Parameters by calibration

In the synthetic network, the calibration for the parameters has been performed in Vaze (2007)
(see Section 3.2). Based on the modification of the network, several parameters are calibrated
again. One of most important parameters is the one for travel time in the route choice utility
function β2, which is useful for calculating several other parameters. In this synthetic network,
the result is cited from Vaze (2007), which is:

β 2 = −0.008

(5.1)

5.1.2.2 Parameters by referring literature
From Section 3.2, the parameters gotten by referring to literature are: β1 (the parameter for the
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cost in route choice), β3 (the parameter for the early arrival in departure time choice), β4 (the
parameter for the early arrival in departure time choice), α0 (the constant for habitual
departure time in departure time choice), and β1’ (the parameter for the cost in departure time
choice).

β1, β3 and β4 can be simply obtained from the relationship of β2.

β1 = β 2 / VOT =

−0.008
= −0.0192
100
15 ×
3600

(5.2)

β 3 = β 2 ⋅ ( β 3 / β 2 ) = −0.008 × 0.3 = −0.0024

(5.3)

β 4 = β 2 ⋅ ( β 4 / β 2 ) = −0.008 × 2.5 = −0.020

(5.4)

Notice that in DynaMIT, time is in seconds and cost is in cents; thus, VOT needs to convert to
cent/second from dollar/hour.

The parameters α0 and β1’ are obtained based on tests. The tests simulate the commuter trip in
the morning from 7:30 am to 9:00 am, 8:00 am to 8:30 being the peak hour, the same as the
case study in the synthetic network. The toll is assumed to be charged only in the peak hour,
and the habitual travel times are the same for all the departure intervals.

α0 and β1’ are adjusted together to get a reasonable estimation of the percentage of people who
want to change their departure times. From the tests, it is found that α0=10 and β1’=-4.4 is a
good estimation, in which the results are depicted in Figure 5.2. From the figure, three
features can be observed: First, people are more likely to depart earlier than later; this is
reasonable because the penalty for late arrival in commuter trip in the morning is much
greater than the peak hour toll. Second, the percentage departing one interval earlier is much
greater than that for two intervals, which is reasonable because of people’s inertia to depart
close to the habitual time. Third, under the costs less than $3.00, the changing departure time
percentage is about 20%, corresponding to the previous research.
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Figure 5.2: Relationship between costs and departure time choices

5.2 Network equilibrium test
When using DynaMIT as the simulation tool, the selection of time convergence algorithms for
network equilibrium is critical. The simulation process of DynaMIT is a fixed point problem,
in which the equilibrium is said to be reached when the network condition and the travelers’
choices corresponding to each other. In this section, a brief review of DynaMIT is provided.
Different fixed point algorithms are discussed. Based on previous research and the tests of the
different algorithms, Method of Successive Average (MSA) is selected as the best algorithm
in this thesis.

5.2.1 Introduction to DynaMIT
The software Dynamic Network Assignment for the Management of Information to Travelers,
abbreviated as DynaMIT (Ben-Akiva et al., 1997), is a state-of-the-art dynamic traffic
assignment (DTA) system with both real-time and planning applications. In this thesis, only
the planning modes are required, which is known as DynaMIT-P, a mesoscopic traffic
simulation tool for equilibrium calculation. For simplicity, DynaMIT always refers to
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DynaMIT-P in this thesis unless pointed otherwise.

DynaMIT_P estimates the equilibrium condition of the network by simulating drivers’
behaviors. DynaMIT_P can be used to calculate the equilibrium link travel time as well as the
origin-destination (OD) flow demands. In this thesis, the OD flows are given. Only link travel
time is needed to be estimated.

The calculation of link travel time is a fixed point problem. From a starting point (either the
free flow travel time or a good estimation), DynaMIT_P generates travelers based on the OD
flow demands, and simulates their behavior choices on the network. When the travelers are
loaded on the network, the link travel time is calculated again based on the network condition,
and is updated according to the current simulation results and the previous estimations. This
process will be terminated after convergence or reaching the maximum iteration.

5.2.2 Fixed point problems
In the simulation process of DynaMIT_P, one of the most important steps is the update of link
travel time, which is a fixed point problem in which the link travel time should be
corresponding to the traffic condition.

In a function, a fixed point is the point which is mapped to itself by the function. That is to say,
x is said to be a fixed point of f(x) if

x = f(x)

(5.5)

The estimation of link travel time in DynaMIT is a fixed point problem. In DynaMIT, the
simulation of travelers’ behavior choices and the aggregation of travelers should be based on a
given link travel time. After simulation and aggregation, a new link travel time will be
calculated based on the traffic condition. The new time should be corresponding to the
previous one; otherwise the guidance is not trustable to the travelers. The estimation of the
fixed point for link travel time is a crucial step in the simulation of DynaMIT.
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5.2.3 Fixed point algorithms for network equilibrium
There are several algorithms for the fixed point problem. In this section, three of the
algorithms are reviewed. For more information about the fixed point algorithms, refer to
Bottom (2000).

5.2.3.1 Function iteration algorithm

Function iteration is a well-known method for computing fixed point of a contractive
mapping. From a starting point x0, function iteration algorithm updates the state every step by
mapping it to a new point. To specify, for xk in step k, the state update the result in k+1 as:

xk+1= f(xk)

(5.6)

where f is the mapping function.

A mapping f is said to be contractive, if there exist an 0 < α < 1 such that

f ( x1 ) − f ( x 2 ) ≤ α x1 − x 2 , where x1 and x2 are any points in the choice set, and i is a
norm. The contraction mapping theorem claims that if f is contractive on a closed set

X ⊆ R n , then f has a unique fixed point in X. Function iteration converges geometrically to
the fixed point in the contraction mapping.

If the mapping is not contractive, there is no guarantee that function iteration will converge to
a fixed point (if exist one). Under such a case, a common modification for function iteration is
using smaller steps when update the states from k to k+1. To specify, in step k, the new points
is calculated as:

xk+1= xk+ αk (f(xk)- xk)

(5.7)

where 0 < αk < 1. Generally, αk is fixed for each iteration. Obviously, if αk is close to 0, the
point is fixed to itself; if αk is approaching to 1, it is just the traditional function iteration
algorithm. Generally, the algorithm will try different αk, and chooses the largest one under
which the problem does not fluctuate frequently.
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However, the modified algorithm does not guarantee a fixed point as well. Its effectiveness
and efficiency needs tests for different problems.

5.2.3.2 Method of successive averages (MSA) algorithm

Method of successive averages (Sheffi and Powell, 1982) is a recursive averaging algorithm
for the fixed point problems. Under MSA, the point is updated similar as function iteration by

x k +1 = x k +

1
 f ( x k ) − x k 
k

(5.8)

Observe that this is just gotten by setting αk = 1 / k in Formula (5.7) in the function iteration
step. This formula means that the effect of the function mapping diminishes with the iteration
growth. It is observed that in step k, the new point is updated by the simple average of the
mapping of all previous points. This is why we name it “method of successive average”.

MSA guarantees a fixed point when the running iteration increases. However, its convergence
speed is sometimes too slow to apply. Cascetta and Postorino (1998) reported that in MSA,
the later iterations, which are closer to the solution, receives smaller weights when computing
a new estimate. Several modifications of MSA are generated to improve the convergence rate,
but none are dominated. For detail of MSA, refer to Bottom (2000).

5.2.3.3 Polyak iterate averaging algorithm

Polyak iterate averaging algorithm updates the new points by a different manner. Polyak and
Juditsky (1992) showed that in the state update step in Formula (5.7), if αk approaches to 0
k

slower than 1 / k in a suitably-defined sense, then the sequence

∑x

i

/ k converges to the

i =1

fixed point at an optimum rate. This algorithm is known as Polyak iterate averaging
algorithm.
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As mentioned before, Polyak algorithm has two steps. The first step is a MSA-like step that:

xk+1= xk+ β i-γ (f(xk)- xk)

(5.9)

where ½ < γ < 1. In this thesis, β and γ are chosen by a common choice which are used in
Bottom (2000), β = 1 and γ = 2/3.

In the second step, the point is updated by a simple average of the results in the first step,
which is:

x k +1 =

k k
1 k +1
x +
x
k +1
k +1

(5.10)

where x 0 = 0 . Bottom (2000) reported that in some stochastic problems, Polyak algorithm
converges faster than MSA.

5.2.4 Tests of fixed point algorithms
In the previous sections, several different fixed point algorithms have been discussed. All of
them are feasible for some problems. In order to choose the most efficient one, some tests are
necessary. In this section, the measurement rules are discussed first, and the tests are
performed for three algorithms, which are, function iteration, MSA and Polyak iterate
averaging. MSA is selected as the best algorithm in this thesis.

5.2.4.1 Measurement rules

It is necessary to discuss the measurement rules first, that is, how to measure the goodness of
different test algorithm. Based on the tests of Bottom (2000), a 2-norm measurement is
chosen in this thesis, which is:
1


2
IC =  ∑∑ [ xlt − f ( xlt )]2 
 l t


(5.11)

where l is for all links, and t is for all time periods.

81

Bottom (2000) has also tested some other measurement rules. The first one is root mean
square (RMS), which is obtained by dividing IC by the total number of time periods and the
number of links. RMS is rejected in this problem, because there are a lot of “empty” links
with free flow link time. In this case, there will be a lot of zeros which do not contribute to the
total norm value. Thus, RMS misleads the result by dividing the 2-norm by the total number
of links.

Another measurement is the weighted norm in which each link and time period’s discrepancy
is multiplied by the corresponding traffic volume. This measurement is also rejected, because
the link volumes may change between replications, causing impossible a meaningful
comparison of norm values.

5.2.4.2 Test results for the base case without toll

In this section, the tests are performed in the basic case, in which the link travel time is
chosen by free flow travel time, and the toll is set to 0 in all toll plazas and all time periods.
Five results of three different algorithms are tests: function iteration with current iteration
weight as 0.3 (FI3), function iteration with current iteration weight as 0.2 (FI2), MSA, the
MSA-like step in Polyak iterate averaging (Polyak1), the average step in Polyak iterate
averaging (Polyak2). The total running iteration is set by 300 for each. The results are
depicted in Figure 5.3.
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Comparison of different algorithms in the base case
MSA

Polyak1

Polyak2

FI3

FI2

7.00E+03
6.00E+03

2-norm value

5.00E+03
4.00E+03
3.00E+03
2.00E+03
1.00E+03
0.00E+00
1

14 27 40 53 66 79 92 105 118 131 144 157 170 183 196 209 222 235 248 261 274 287
Iterations

Figure 5.3: Comparison of different algorithms in the base case

Based on the test result, the following conclusions are drawn:
1. The function iteration algorithms are not feasible for the problem, because the results
always fluctuate frequently even the weight in the current iteration is very small.
2. Polyak1 performs better than function iteration algorithms. However, it still fluctuates
frequently. No obvious convergence is observed after 300 iterations.
3. MSA and Polyak2 are the best performance algorithms. The results of both algorithm
converge after no more than 20 iterations, and the results are good only after 5-10
iterations.

Based on the results, MSA and Polyak2 are selected for the following tests.

5.2.4.3 Test results for other cases with tolls

Although MSA and Polyak2 work well in the base case, further tests are necessary for the

83

performance of them in the toll cases, because all congestion pricing scenarios will be run
under some toll conditions, and the results are trustable only if the fixed point algorithms
works well in the toll scenarios. In the toll scenario, the link travel time is set by the
equilibrium travel time obtained in the precious section in the no-toll cases. These values are
considered as a better starting point than the free flow travel time. Three toll scenarios are
considered: Initial scenario, random scenario with 15 minutes flat toll, and totally random
scenario.

In the initial scenario, the toll is set by a simple strategy: 200 (cents) in the peak hours (8:00
am to 8:30 am), and 0 for all other periods. This is also the initial toll from which we begin to
search the best toll strategy. The results are depicted in Figure 5.4.
Comparison of MSA and Polyak2 in initial toll scenario
MSA

Polyak2

7.00E+03
6.00E+03

2-norm value

5.00E+03
4.00E+03
3.00E+03
2.00E+03
1.00E+03
0.00E+00
1

15 29 43 57 71 85 99 113 127 141 155 169 183 197 211 225 239 253 267 281 295
Iteration

Figure 5.4: Comparison of MSA and Polyak2 in initial toll scenario

From the results, following conclusions are obtained:
1. Both MSA and Polyak2 perform well in this scenario. The results converge in no
more than 20 iterations, and the results are good within only 5-10 iterations.
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2. The toll makes the results more unstable than the no-toll scenario. The converged
2-norm values are much greater than the ones in the no-toll scenario.
In another toll scenario, we introduce more randomness. The toll is set to be flat in every 15
minutes, but is randomly generated from the range 0 to 400 (cents). The toll scenario is
represented in Table 5.1, and the results are depicted in Figure 5.5.
Table 5.1: 15-min flat toll scenario
Toll

Time

Plaza

7:30

7:45

8:00

8:15

8:30

8:45

9:00

9:15

1

0

0

348

336

15

131

46

75

2

6

0

392

322

105

108

89

157

3

148

222

126

170

36

107

173
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Comparison of MSA and Polyak2 in 15-min flat toll scenario
MSA

Polyak_run2

7.00E+03
6.00E+03

2-norm value

5.00E+03
4.00E+03
3.00E+03
2.00E+03
1.00E+03
0.00E+00
1

16 31 46 61 76 91 106 121 136 151 166 181 196 211 226 241 256 271 286
Iteration

Figure 5.5: Comparison of MSA and Polyak2 in 15-min flat toll scenario

Following observations are made from the results:
1. Both MSA and Polyak2 perform well in this scenario. The results converge in no
more than 20 iterations, and the results are good within only 5-10 iterations.
2. The toll converges to a similar level as the initial toll scenario, but with much more
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fluctuation.

In the last scenario, we generate random toll for each toll plaza and each minutes. The toll
range is still set by 0 to 400 (cents). The results are depicted in Figure 5.6.
Comparison of MSA and Polyak2 in random toll scenario
MSA

Polyak_run2

5.00E+03
4.50E+03
4.00E+03

2-norm value

3.50E+03
3.00E+03
2.50E+03
2.00E+03
1.50E+03
1.00E+03
5.00E+02
0.00E+00
1

16 31 46 61 76 91 106 121 136 151 166 181 196 211 226 241 256 271 286
Iteration

Figure 5.6: Comparison of MSA and Polyak2 in random toll scenario

Obviously, the results fluctuate after 300 iterations, and no obvious convergence is observed
in both algorithms.

From the tests, the effect of tolls is clear. The introduction of tolls will cause difficulty of the
convergence of link travel times. The more complex the toll scenario is, the more fluctuate the
results do. If the toll is totally random, none of the algorithm can provide a reasonable
estimation of link travel time. However, if the toll is set to be flat in 15 minutes, the results
gotten by MSA and Polyak2 are both acceptable.

The last question remained is how to choose between MSA and Polyak2. In this thesis,
because of the time constraint, only 10 iterations are used in the test network, and only 5
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iterations are performed in the real network. Among this range, MSA usually performs a little
better than Polyak2 from out tests. In addition, Polyak2 requires an additional estimation of
the function, thus is less attractive than MSA when the running iteration is small. Based the
above reasons, MSA is selected in this thesis.

5.2.5 Summary of fixed point algorithm
The calculation of equilibrium travel time is a fixed point problem. In this section, different
fixed point algorithms are discussed, and three of them are tested, which are, function
iteration, MSA and Polyak iterate averaging. Through the tests, MSA is selected as the best
algorithm in this thesis. It is also observed that the fluctuation growths with the randomness
of the toll strategies. When the toll is set to be flat in 15 minutes, the results of MSA are
acceptable within only 5-10 iterations.

5.3 SPSA description and test
In previous chapters, SPSA has been identified as the best algorithm. Therefore, it is applied
first in the case study.

5.3.1 Algorithm description
Based on the characteristics of the problem and the quality of the result, SPSA is modified by
setting the toll to be flat in 15 minutes. There are two reasons for setting the flat toll. First,
from the result in section 5.2, it claims that all fixed point algorithms in the totally random toll
scenario (that is, the toll can be different every minute) do not converge in 300 iterations.
Thus, the simulation result in that scenario is not trustable. Second, the flat toll is also much
more realistic than the totally random toll, because the travelers usually cannot accept the toll
charges which fluctuate too frequently.
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SPSA algorithm is implemented in MATLAB, in which DynaMIT is called to calculate the
total travel time among all passengers. The unknown variables are the number of flat tolls for
all time intervals. In this case study, it is 3×120/15=24. In each iteration, all the tolls are
updated and saved in the historical toll plaza file in DynaMIT for the estimation in the next
iteration. The objective function value (total travel time) is calculated from the outputs of
DynaMIT. Based on the result in section 5.2, MSA is used as the fixed point algorithm and the
running iteration within DynaMIT is set to 10, after that the network is considered to reach an
equilibrium. All the constraints are satisfied within DynaMIT software.

The process is described in Figure 5.7.

Algorithm description:
1. Initialize parameters a, A, c, α and γ;
2. Set cost C = C0 at step i = 0 ;
3. Calculate the initial total travel time T0 based on C0 by DynaMIT, and set current total
travel time T = T0 ;
4. Update step i = i + 1 ;
+

-

5. Calculate T+ and T- (f(θ i ) and f(θ i ) in formula (4.9)) by DynaMIT;
6. Calculate the current gradient vector by formula (4.10);
7. Repeat step 5 and 6 grad_rep times using independent ∆i, and average the gradient vector
for θ i ;
8. Update current cost C by formula (4.8), in which Πc is simply defined as an upper and
lower bound constraint;
9. Update T by DynaMIT based on current costs;
10. If the termination requirements are satisfied, stop; otherwise, go back to step 4. The
termination requirements in this paper are either convergence, meaning the total travel
time is flat in several iterations, or reaching maximum running times;
11. The best tolls are set by the ones under which the total travel time is minimal.
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START

Initialize parameters

C0

Set C=C0; i=0

Set T=T0

DynaMIT

i=i+1

Calculate T+ and T-

DynaMIT

Calculate gradient g
No
Repeat grad_rep times
Update C

Update T

DynaMIT

Terminate?
Yes
END

Figure 5.7: SPSA algorithm process

5.3.2 Parameter selection
The parameters a, A, c, α, γ and grad_rep are critical for the performance of SPSA. Spall
(1998b) recommended the values for α and γ as 0.602 and 0.101, respectively. a, A and c are
different from experiment to experiment. In this thesis, the value a = 0.01, A = 10 and c = 30
are found to work well.
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Notice that a and A are used to control the step size of price changing in each iteration; and c
is used for managing the distance between the evaluation points and the current price. In this
synthetic case study, the value c = 30 implies that in the first step, T+ and T- are evaluated by
0 cents lower or higher than the current price. Under a = 0.005 and A = 10, it is found that the
costs of toll plaza are changed by no more than 100 cents (less than 50 cents usually) in the
first several iterations. After 80 iterations (which is the maximum iteration in this case study),
the value decreases to about ¼ of the initial value. Notice that a, A and c should be tested
again if network topology, demand or maximum iteration changes.

grad_rep is used to control the calculation accuracy of gradient vector. The larger this value is,
the more accurate the gradient vector is. The gradient vector is perfectly accurate when
grad_rep approaches to infinity. However, the running burden also increases with the
grad_rep. Thus, the selection of grad_rep is significant to the problem. Balakrishna (2006)
has reported it works the best when grad_rep = 2. In this thesis, three numbers are tested, 1, 2,
and 3, and the best one is chosen to perform the following tests.

5.3.3 SPSA test
Three tests are performed by SPSA independently for each grad_rep. In each of them, the
maximum toll is set to $4.00, and the minimum toll is 0. In order to make the running time to
be comparable, the maximum iteration is set to 80 for grad_rep = 1, 40 for grad_rep = 2, and
27 for grad_rep = 3. The test results are depicted in Figure 5.8 to Figure 5.10, and the best toll
strategies are shown in Table 5.2 to Table 5.4. The comparison among them are shown in
Table 5.5.
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SPSA result for grad_rep=1

Total travel time
(second)

Run1

Run2

Run3

6.50E+06
6.00E+06
5.50E+06
5.00E+06
4.50E+06
4.00E+06
1

5

9 13 17 21 25 29 33 37 41 45 49 53 57 61 65 69 73 77 81
Iteration

Figure 5.8: Result of SPSA for grad_rep=1

SPSA result for grad_rep=2
Run1

Run2

Run3

Total travel time
(second)

6.00E+06
5.50E+06
5.00E+06
4.50E+06
4.00E+06
1

3

5

7

9

11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41
Iteration

Figure 5.9: Result of SPSA for grad_rep=2

SPSA result for grad_rep=3
Run1

Run2

Run3

Total travel time
(seconds)

6.00E+06
5.50E+06
5.00E+06
4.50E+06
4.00E+06
1

3

5

7

9

11

13

15

17

19

21

23

25

27

Iterations

Figure 5.10: Result of SPSA for grad_rep=3
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Table 5.2: Optimal toll of SPSA for grad_rep=1 (in cents)
Time

Toll Plaza
7:30

7:45

8:00

8:15

8:30

8:45

1

155

56

75

8

10

0

2

203

0

219

187

190

8

3

93

110

400

332

63
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Table 5.3: Optimal toll of SPSA for grad_rep=2 (in cents)
Toll Plaza

Time
7:30

7:45

8:00

8:15

8:30

8:45

1

109

0

363

349

0

68

2

62

0

287

348

140

64

3

23

110

40

94

61

16

Table 5.4: Optimal toll of SPSA for grad_rep=3 (in cents)
Toll Plaza

Time
7:30

7:45

8:00

8:15

8:30

8:45

1

78

0

209

228

32

13

2

74

0

139

215

24

34

3

0

91

223

55

13

0

Table 5.5: Best results for different grad_reps (in seconds)
grad_rep

1

2

3

Run1

4978550

4621660

4710990

Run2

4925390

4517870

4683110

Run3

5058730

4752300

4650390

From the results, we have the following observations:
1. The algorithm works very poor when grad_rep equal to 1. When grad_rep is set by 1,
the gradient is inaccurate. The perturbation is much more random than the cases
where grad_rep is greater than 1. The effect of random perturbation is that the result
will not converge after certain iterations, which is shown in Figure 5.10, where the
objective function decreases in the first several iterations, but fluctuate after that.
2. The results for grad_rep=2 and grad_rep=3 are similar, while the former is slightly
better. We can conclude that grad_rep=2 is a good choice in this example, although
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we cannot prove it is the best simply from the result. Further, in the real case study in
Chapter 6, the number of iterations is much less than the one in the synthetic case
study because of the slow calculation of the network condition. In that case, the
advantage of grad_rep=2 is expected to be greater, because the number of running
iterations for grad_rep greater than 2 could be very small. In sum, in this thesis,
grad_rep=2 is used in the following sections.

5.4 FDSA-M description and test
Although SPSA algorithm when grad_rep = 2 works very well for the test network, it is worth
to test some other algorithm. One candidate is a modified version of FDSA algorithm. We
name it FDSA-M in this thesis.

5.4.1 Algorithm description
Beginning from the first period, FDSA-M only considers one interval each time. For example,
in the first period, only the three tolls in the first interval are regarded as the unknown
parameters, to which the similar optimization process as SPSA is performed. During this
process, all future tolls are referred to historical values. After converging or reaching the
maximal running time, the algorithm moves on to the second period, and so on. The process
of FDSA-M algorithm is depicted in Figure 5.11.
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START

Initialize parameters

Set C=C0; p=0

C0

Set T=T0

DynaMIT

Reset C as the best toll
before period p+1
p=p+1

i=0

i=i+1

Calculate T+ and T-

DynaMIT

Update C at period p

Update T

No

DynaMIT

Finish period p?
Yes

No

Last p ?
Yes
END

Figure 5.11: FDSA-M algorithm process

In FDSA-M, a similar process as SPSA will be applied to update the cost. The algorithm is
described following:
1. Initialize parameters a, A, c, α and γ;

94

2. Set cost C = C0 at period p = 0 ;
3. Calculate the initial total travel time T0 based on C0 by DynaMIT, set current total travel
time T = T0 ;
4. Move on to the next period p = p + 1 ;
5. Initialize i = 0 ;
6. Update step i = i + 1 ;
7. Calculate T+ and T- (f(θ i + ci ej ) and f(θ i - ci ej ) in formula (4.5)) by DynaMIT;
8. Update current cost C by formula (4.6) and (4.8), in which Πc is simply defined as an
upper and lower bound constraint;
9. Update T by DynaMIT based on current costs;
10. If the termination requirements are satisfied for period p, go to step 11; otherwise, go
back to step 6. The termination requirements are similar as SPSA;
11. If p is the last period, stop; otherwise, reset cost C as the best prices until now, and go
back to step 4;
12. The best tolls are set by the ones under which the total travel time is minimal.

Notice that FDSA-M is different with FDSA. In FDSA, the costs in all periods are updated
one by one in one running iteration, and then continue to the next; while in FDSA-M, the
costs are only updated for one period, and move on to the next period after it converges or
reaches the maximal running time. The difference between FDSA and FDSA-M are depicted
in Figure 5.12, where “iteration” refers to the number of times for running the algorithm, and
“period” means a length of time (e.g., 15 minutes) in the simulation process. In the figure,
there are P period in the simulation time, and the maximal running iteration is set by N.
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FDSA
Period 1

Period 2

Period 3

...

Period P

...

Period P

Iteration 1
Iteration 2
Iteration 3

...
Iteration N

FDSA-M
Period 1

Period 2

Period 3

Iteration 1
Iteration 2
Iteration 3

...
Iteration N

Figure 5.12: Differences between FDSA and FDSA-M

5.4.2 Parameter selection
The constants a, A, c, α and γ are similar as the ones in SPSA. For α and γ, the values are still
set by 0.602 and 0.101, respectively. However, a, A and c may be different for FDSA-M.
From tests, the value a = 0.015, A = 5 and c = 30 are found to work well. The meaning of these
parameters can be discussed similar as Section 5.2.2. Because the simulation is performed for
all period, the running iteration in each period is much smaller than that of SPSA. Thus, in
FDSA-M, grad_rep = 1 for all tests.

5.4.3 FDSA-M test
Three tests are performed independently. The test results are depicted in Figure 5.13 and
Table 5.6. In all tests, the maximum toll is set to $4.00, and the minimum toll is 0, the same as
SPSA. Notice the difference between “iteration” and “period”. In the synthetic case study, the

96

maximum iteration for SPSA is set to 80. For FDSA-M, there are 8 periods totally, and 10
iterations for each period. Thus, the total number of running iterations for both algorithms is
the same; and running time is comparable between them.

FDSA_M test result
Run1

Run2

Run3

Total travel time
(seconds)

9.00E+06
8.00E+06
7.00E+06
6.00E+06
5.00E+06
4.00E+06
1

5

9

13 17 21 25 29 33 37 41 45 49 53 57 61 65 69 73 77 81
Iterations

Figure 5.13: Result of FDSA-M

Table 5.6: Optimal toll for FDSA-M (in cents)
Toll Plaza

Time
7:30

7:45

8:00

8:15

8:30

8:45

1

26

0

261

200

5

0

2

5

0

251

200

0

1

3

48

220

220

200

6

0

Based on the simulation purpose of this thesis, FDSA-M is not as attractive as SPSA, because
the best toll scenarios found in FDSA-M is worse than SPSA (Table 5.7). The potential reason
is following: Compared to SPSA, the effect of the tolls in FDSA-M are significant in some
“important” periods, while are insignificant in some others. In all three runs in this example,
nearly all the main decreases of the total travel time happen in the third and fourth periods,
which are the peak hours. However, the algorithm runs 10 iterations for all periods, either for
the important ones or for the insignificant ones. This cause some runs are useless. In order to
improve it, we may change the number of running iterations by setting more runs in the
important period. However, it is usually hard to specify how to recognize the important
periods, and how to assign the number of running iterations to them. This could be a topic in
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the future studies.

Although FDSA-M is not as good as SPSA in this thesis, it may be more useful than SPSA in
the real time version. In this thesis, the toll is calculated offline. Thus, for a 2-hour simulation
research, the toll should be calculated for 8 periods, causing the number of running iterations
in each period much less than that of SPSA. However, in the real time version, the toll is
calculated online. Thus, only the toll in the next period is needed to be simulated. In that case,
the number of iterations in each period can be set the same as the one for SPSA. Under this
case, FDSA-M works better than SPSA.

5.5 Result analysis
Previous sections in this chapter focus on the description and the test of different algorithms.
Among them, SPSA is recommended. In this section, the results among SPSA, FDSA-M and
some other scenarios are compared and discussed. The effectiveness of congestion pricing is
also examined.

5.5.1 Comparison among different scenarios
From previous Sections 5.3 and 5.4, the best toll strategies are obtained by different
algorithms. In this section, the results are summarized for SPSA and FDSA-M. Two other toll
strategies are implemented for comparison. The four toll strategies are selected as:
1. Zero toll;
2. Initial toll setting at the beginning of the algorithm, which is, $2.00 in the peak hour and 0
at the rest time;
3. Best toll in three runs for SPSA;
4. Best toll in three runs for FDSA-M.

The results of the four toll strategies are summarized in Table 5.7. In order to compare the
results more intuitively, the average travel time is also provided.
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Table 5.7: Overview of four toll strategies
Toll strategies

Zero toll

Initial toll

SPSA
Run1

Number

Run2

Run3

Run1

Run2

Run3

of

vehicles
Total

FDSA-M

12141

12141

12141

12141

12141

12141

12141

12141

5724410

5240500

4621660

4517870

4752300

4743070

4827690

5114890

471.5

431.6

380.7

372.1

391.4

390.7

397.6

421.3

travel

time (seconds)
Average travel
time (seconds)

From the results, it is observed that both SPSA and FDSA-M improve the performance of the
network from the initial toll strategy. SPSA works better than FDSA-M. For a simple
estimation, in the best toll scenario of SPSA, the total travel time is decreased by 21% from
the zero toll case, and 14% from the initial toll scenario. This proves the usefulness of the
congestion pricing, and the effectiveness of the SPSA algorithm.

Notice that in this synthetic network, the effect of congestion pricing seems unrealistic. The
reason is that the network is very small, and the effect of congestion is too great to be true. A
more realistic estimation will be provided in the real case study in Chapter 6.

5.5.2 Result for the effect of congestion pricing
Following from Section 5.5.1, more tests are performed by comparing the four scenarios,
including travel time distribution, departure time choice and route choice. In the SPSA and
FDSA-M scenario, the best toll strategies are selected among the three runs to perform the
tests. The effect of congestion pricing is shown from the comparison.

The first test is for travel time distribution, in which the number of vehicles whose travel time
is within a range will be summed up together. The travel time distribution is an intuitive
indicator of the network condition. It is expected that under efficient congestion pricing, more
vehicles will decrease their trip times. The travel time distribution among all passengers is

99

illustrated in Figure 5.14, which shows the number of vehicles in each travel time length.
Travel time distribution
Zero toll

Initial toll

FDSA_M

SPSA

# of vehicles

4000
3000
2000
1000
0
<200

200250

250300

300350

350400

400450

450500

500550

550600

600650

>650

Travel tim e (seconds)

Figure 5.14: Travel time distribution among four scenarios

In this figure, it is observed that in two toll strategies, the travel time distribution is shifted to
the left, and the shift is greater in SPSA than FDSA-M. This observation enhances our
conclusion that congestion pricing improves the network condition, and the toll gotten by
SPSA is the best.

The second comparison is the effect of congestion pricing to departure time choice, which is
depicted in Figure 5.15. It is observed that in SPSA and FDSA-M scenarios, travelers have a
wider distribution in departure time. Between them, SPSA shows better result. This
comparison depicts the effectiveness in terms of “peak spreading”, which is, how well does
the congestion pricing move the traffic from peak hours to other time intervals.
Departure time distribution
Zero toll

Initial toll

FDSA_M

SPSA

# of vehicles

3000
2500
2000
1500
1000
7:30-7:45

7:45-8:00

8:00-8:15

8:15-8:30

8:30-8:45

8:45-9:00

Tim e

Figure 5.15: Departure time distribution for three toll strategies
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The third comparison is the effect of congestion pricing to the route choice. In this section, the
effectiveness of route choice is discussed by comparing the number of vehicles traveling
through link 3 and link 4 in the simulation period. Because link 3 and link 4 are the only
corridors to the destinations, every passenger should choose his path either through link 3 or
link 4 based on the travel time and the cost. Thus, the effectiveness of the route choice can be
reflected by the balance between the two links.

In this thesis, DynaMIT updates the simulation every minute. Thus, the estimation of number
of vehicles in each link is also available in one minute length. Therefore, during the
simulation period for each link, there are 90 estimation of number of vehicles in total, each
for the estimation in one minute period. Among all these estimations, the balance between
link 3 and link 4 are compared in Table 5.8.

Table 5.8: Density difference between link 3 and link 4 (in vehicle/foot)
Density difference

Zero toll

Initial toll

FDSA-M

SPSA

<0.1

2

2

2

5

0.1-0.2

0

0

4

6

0.2-0.3

2

0

5

3

0.3-0.4

9

1

7

3

0.4-0.5

42

53

57

58

0.5-0.6

21

21

11

10

0.6-0.7

14

13

4

5

>0.7

0

0

0

0

between link 3 and 4

It is observed that in the zero toll and the initial toll strategy, the density is quite different
between link 3 and link 4, which means, the passengers always travel through one link while
another is empty, causing significant congestions. On the contrary, in SPSA and FDSA-M
strategy, the density is much more balanced. The results demonstrate a significant impact of
congestion pricing on route choice.
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5.6 Summary
In this chapter, the fixed point problem and the corresponding algorithms are discussed first.
Through the tests on a synthetic network, MSA is selected as the best one to apply as the time
convergence algorithm. Then in the congestion pricing testes, several optimization algorithms
are applied and tested in the synthetic network. SPSA with twice gradient calculation is
selected as the best one based on its performance. FDSA-M, a modified version of FDSA, is
also proved to be useful by decrease the total travel time from the initial toll scenario. The
usefulness and effectiveness are shown based on the comparison among different toll
scenarios at last. Based on the detailed evaluation, SPSA is selected for application in the real
case study in the next chapter.
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6. Case Study: Lower Westchester County

Previous chapters focused on the development of a dynamic congestion pricing model and the
associated algorithm selection. Different algorithms have been discussed and tested in this
regard using a synthetic network. Among all these algorithms, SPSA has been identified as
the best one considering in terms of effectiveness. In this chapter, SPSA is applied in a real
network – Lower Westchester County in New York State. The objectives of the case study are
discussed first. The design of the case study is then described in detail. The results are
analyzed and discussed next. A summary is provided at the end.

6.1 Objectives
The objectives of the case study are:



To examine the usefulness and effectiveness of dynamic congestion pricing in the real
network, this is rarely performed in previous research.



To analyze the application of the dynamic congestion pricing model in Lower
Westchester County network.



To test the performance of SPSA in the complicated network.

6.2 Case study description
The case study is performed in the same network as Vaze (2007) and Rathi (2007). The
network is located in Lower Westchester County (LWC) in New York State. The data,
including network topology and characteristics of the passengers, are obtained from New
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York State Department of Transportation (NYSDOT).

6.2.1 Experiment design
LWC is situated to the north of New York City. Many important highways are located in this
area to connect the Connecticut region and Manhattan area in New York City. The network is
extremely congested, especially in peak hours of weekdays when the commuter trip occur.
This case study focuses on freeways and parkways, including I-95 (the New England
Thruway), I-87 (the New York State Thruway) and I-287 (the Cross Westchester Expressway).
While I-287 is the major east-west corridor, most of the freeways are in north-south direction.

6.2.1.1 Network topology

The research network consists of 1767 links and 825 nodes. Each link is further divided into
multiple segments, depending on the characteristics of the link. The segment may contain
different number of lanes, from 1 to 5. The number of lanes is the key factor to determine the
capacity of the segment. Generally, the freeways and parkways contain two or three lanes in
each direction. The simulation period is chosen at the peak hour in the morning, from 7:00 am
to 9:00 am. The simulation period is one hour longer than that (7:00 am to 10:00 am) in order
to let all vehicles to finish their trips. The estimation length is 15 minutes, which is also the
interval length. The simulation is updated every minute. The network is presented in Figure
6.1.
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*

Figure 6.1: Network of LWC

6.2.1.2 OD flow information

There are 482 OD pairs assigned on the network. Similar as the synthetic case study, half of
travelers are assumed to be available to receive the real time toll information. The demand
information is calibrated using DynaMIT with a random perturbation that is uniformly
distributed between 0.7 and 1.1. See Antoniou et al. (2006) and Balakrishna et al. (2007) for
demand calibration. The possible paths for each OD pair are searched directly by DynaMIT.

6.2.1.3 Toll plaza information

In order to determine the locations of the toll plazas, the network is simulated in MITSIMLab
(Yang and Koutsopoulos, 1996), a microscopic transportation simulation software developed
in MIT ITS lab. In contrast with DynaMIT, MITSIMLab aims to simulate each driver’s
*

Source: http://maps.google.com
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behavior depending on the network conditions, e.g., route choice, lane changing, and
acceleration. For the detailed description of MITSIMLab, see Yang and Koutsopoulos (1996)
and Yang et al. (2000).

The simulation period in MITSIMLab without toll in the same as DynaMIT, from 7:00 am to
10:00 am. The network condition in 8:00 am is depicted in Figure 6.2, in which red color is
the most congested area, blue color represents uncongested road, and green color represents
intermediate level of congestion. From the simulation of the network condition, ten toll plazas
are set on the most congested links, shown in Figure 6.2 as well. Notice that the tolls for two
directions may be different, so there are two toll booths for each toll location. The historical
toll is set by 0 in all time periods. This is different with the synthetic case study, because in
the real case, it is hard to “guess” a good start toll. Thus, a zero toll scenario is always
acceptable if no previous knowledge available.

Figure 6.2: Locations of the toll plazas
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6.2.2 Parameter calculation
The calculation of parameters for LWC network is similar as the process for the synthetic
network. The results are:
•

Parameter for time in the route choice utility function β2 = -0.008;

•

Parameter for the cost in route choice β1 = -0.0192;

•

Parameter for the early arrival in departure time choice β3 = -0.0024;

•

Parameter for the early arrival in departure time choice β4 = -0.020;

•

Constant for habitual departure time in departure time choice α0 = 10;

•

Parameter for the cost in departure time choice β1’ = -4.4;

6.3 Time convergence algorithm test
In Chapter 5, MSA is selected as the best fixed point algorithm for the time convergence in
the synthetic case study. Before performing the tests in the real network, the usefulness and
effectiveness of MSA should be tested again in the real network. Similar as Chapter 5, a
simple scenario without toll is tested from the free flow link travel time. Then, using the
convergence result as the starting point, two random toll scenarios are tests as well. The
results are depicted in Figure 6.3.
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Convergence rate for MSA algorithm in LWC network

Initial time & 0 toll
Best time & Random toll 2

Best time & Random toll 1

2.50E+04

2-norm value

2.00E+04

1.50E+04

1.00E+04

5.00E+03

0.00E+00
1

3

5

7

9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49
Iterations

Figure 6.3: Results of MSA algorithm in LWC network

From the results, it is observed that MSA works perfectly in all scenarios in the real network.
The results converge within 15 iterations, and are acceptable only in 5 iterations. Based on the
result and the running time constraints, in the real case study, only 5 iterations are simulated
to reach equilibrium.

6.4 Result analysis
SPSA algorithm is applied in LWC network based on the previous discussion. The maximum
toll is $6.00, and the minimum is 0. There are 12 periods in total in the simulation period from
7:00 am to 10:00 am. Because of the heavy running burden and the convergence results in
Section 6.3, only 5 iterations are simulated to reach equilibrium in each run of DynaMIT.
From the results of Chapter 5, two calculations are performed to get the gradient vector. The
total number of simulation is set to 20.

Although the simulation time has been extended by one hour, because of the large size of the
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network, there may still be some vehicles cannot finish their trips. In this case, the average
travel time is used instead of the total travel time as the objective function. Notice that for
inelastic demand, these two objective functions are exactly the same.

6.4.1 Case study result
The running result of SPSA is depicted in Figure 6.4 and Table 6.1.

Average travel time
(second)

Case study result
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9

10 11 12 13 14 15 16 17 18 19 20 21
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Figure 6.4: Result of SPSA application in LWC network

Table 6.1: Best toll strategy for LWC network (in cents)

Toll Plaza
0
1
2
3
4
5
6
7
8
9

0
1

Time
7:00

7:15

7:30

7:45

70

90

3

0

58

16

113

44

29

0

0

10

19

24

13

49

35

29

0

36

37

19

25

0

37

7

69

23

90

32

26

1

21

29

33

0

71

15

126

70

8:00

8:15

8:30

8:45

75

3

37

40

0

27

38

47
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2
3
4
5
6
7
8
9

3

22

38

9

0

68

34

0

13

73

82

75

38

0

23

14

0

68

64

39

46

4

0

0

44

0

28

69

3

61

73

0

It is observed that the algorithm does not converge, because the number of iterations is small.
However, the total travel time tends to decrease except for some fluctuations. This
observation proves the effectiveness of SPSA in the dynamic congestion pricing model.

Notice that there is no guarantee that the final toll is optimal.

6.3.2 Usefulness and effectiveness of dynamic congestion pricing
In this section the usefulness and effectiveness of dynamic congestion pricing from the test
result is analyzed. Two scenarios are compared: zero toll scenario and best toll scenario
obtained from previous sections (Table 6.1). Notice that in the real case study, the initial toll is
set by zero in all time periods.

The basic performance of these two scenarios is compared in Table 6.2. From the comparison,
it is observed that the network condition is improved under the best toll scenario. However,
the magnitude of this improvement is rather small compared to the synthetic example. That is,
in the real network, even the “best” congestion pricing strategy cannot substantially improve
the network condition. In the “zero toll” base case, the average travel time for a commuter
passenger is 820 seconds, about 13.7 minutes. When improving the network condition by the
best toll, the average travel time became 808 seconds, about 12 seconds, or 1.5% saving from
the base case scenario.
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Table 6.2: Comparison among three scenarios

Number of vehicles
Total travel time (hour)

Zero toll

Best toll

141385

141385

32211

31721

820

808

Average travel time (sec)

It should be noticed that one of the important reasons that the dynamic congestion pricing
performed poorer in the LWC network than in the synthetic network is the network topology.
When building the LWC network, all small branches are eliminated to simplify the network.
However, these small roads are critical for congestion pricing scenario, because while there is
a toll in a road, the travelers should have sufficient alternatives to switch. However, in the
current network, the traveler may choose a much longer path to avoid the toll than in realistic.
This increases the travel time of the travelers substantially. In future research, a more detailed
network may improve the performance more of dynamic congestion pricing.

Although the improvement in the LWC network is not as great as the synthetic network,
similar conclusions are made through the similar tests.

The first test is the travel time distribution among all passengers, which is also illustrated in
Figure 6.5. From the comparison among the two scenarios, it is observed that in the best toll
strategies, the travel time distribution is shifted to the left, reflecting the travel time saving
and demonstrating the usefulness of the congestion pricing again.
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Travel time distribution
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>2400
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Figure 6.5: Travel time distribution in three scenarios

Another test is the departure time distribution. In this real network, the number of vehicles
departing from each time interval is quite flat. Thus, instead of comparing the departure time
distribution, we examine the time-vehicle relationship, which is, how many vehicles are on
the network in each time period (every 15 minutes), depicting in Figure 6.6. Notice that in the
best toll strategy, the peak hour is moved forward so that the number of vehicles on the
network has flatter pattern than the zero toll scenario.

Time-vehicle distribution

# of vehicles on the network

Zero toll

Best toll

35000
30000
25000
20000
15000
10000
5000
0
7:00-7:15 7:15-7:30 7:30-7:45 7:45-8:00 8:00-8:15 8:15-8:30 8:30-8:45 8:45-9:00
Time

Figure 6.6: Time-vehicle distribution among three scenarios
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6.4 Summary
In this chapter, the congestion pricing model is applied in the LWC network using SPSA
algorithm. The results show that the algorithm works well in the real network and improve the
network condition only after 20 iterations. The usefulness and effectiveness of dynamic
congestion pricing is also discussed from the comparison among two scenarios: zero toll
(initial toll) and best toll obtained from the case study. The comparison shows that by
applying the best toll strategy: (1) both the total travel time and the average travel time on the
network decrease; (2) the network flow has a flatter pattern by moving part of the peak hours
flow to the non-peak hours. These results are coincident with the ones in the synthetic case
study, and demonstrate the effect of dynamic congestion pricing.

Although the usefulness is demonstrated by the test on the LWC network, there are several
limitations that need to be improved in further research. First, several parameters in this thesis
are cited from literature rather than obtained from estimation and calibration. The cited values
are reasonable in some sense; however, it is criticized that the values should be specified for
the study area, i.e., the LWC network in this thesis. Thus, although the results are reasonable
in some sense, they may not be the most realistic ones. If the congestion pricing data is
available in the future, all these parameters should be estimated by appropriate datasets and
calibrated in DynaMIT.

Second, in this thesis, the dynamic congestion pricing model is tested in DynaMIT based on
SPSA. Although it performs excellent in the synthetic network by decreasing the average
travel time by 21%, in the LWC network, the decrease is only 2%. One potential reason is that
many small branches are eliminated so that the travelers do not have many alternatives to
choose. The effectiveness of dynamic congestion pricing may be demonstrated better by a
more detailed network.
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7. Conclusion

This thesis focuses on modeling and testing of dynamic congestion pricing. After reviewing
previous research in congestion pricing, a model for dynamic congestion pricing has been
developed with the objective function of minimizing the total travel time on the network as a
non-linear optimization problem. The optimization algorithms for the problem have then been
discussed. Several algorithms have been selected from the literature review, such as, SPSA,
FDSA, etc. From tests in a synthetic network, SPSA with two calculations for the gradient
vector has been selected as the best algorithm and is applied in a real case study in LWC
network in New York State. From both case studies, the usefulness and effectiveness of
dynamic congestion pricing has been demonstrated.

7.1 Summary
The focus of this thesis is a simulation model to improve the drawbacks from the previous
research. Previous research on congestion pricing has first been reviewed in this regard. These
studies have been classified into two categories, either on a specific model such as route
choice model and departure time choice model, or on a general structure of congestion pricing.
In the specific model research, route choice and departure time choice have been reviewed in
detail. Some models have been implemented in this thesis, such as path-size logit model for
the route choice. The general structure research can be sub-divided into two categories:
analysis model which focuses on the theoretical formulation and simulation model which
concentrates on the practical application. Since analysis model is only useful theoretically,
simulation model is the focus of the current congestion pricing research. The drawbacks of
the current research on simulation model have been concluded to have three aspects: first,
traffic condition is considered based on network equilibrium rather than travelers’ choice
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behavior; second, the optimization algorithm is usually not efficient; third, case study on real
network is not done in most cases.

A simulation model has then been formulated as a non-linear optimization problem. Because
the demand is assumed to be inelastic, the objective function is chosen by minimizing the
total travel time among all users. The constraints include demand side, supply side, network
topology side and traveler choice side. DynaMIT software has been used as the tool for
simulation. Because demand, supply and network topology constraints have been already
captured in the process of DynaMIT, only traveler choice is discussed in detail. In this thesis,
both route choice and departure time choice have been considered.

The solution algorithms have been discussed after that. By reviewing previous research,
SPSA and FDSA have been selected to solve the dynamic congestion pricing model.
DynaMIT has been used as the simulation tool. In order to get the equilibrium travel time,
several fixed point algorithms have been discussed, and MSA has been selected as the best
one in this thesis. A test has then been performed in a synthetic network for different
optimization algorithms. From the test, SPSA with two calculations of the gradient vector has
been chosen as the best algorithm. The usefulness and effectiveness of congestion pricing has
also been examined and discussed by comparing different toll scenarios. It has been found
that by applying optimal toll, the network improved.

The model has then been applied in a real case study in LWC network. SPSA algorithm has
been found to work well in the real network by reducing the total travel time in just 20
running iterations. Through several comparisons of different toll scenarios, congestion pricing
has been demonstrated as an effective approach to reduce congestion.

7.2 Contributions
The major contributions of this thesis are follows:
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Developing a comprehensive dynamic congestion pricing model based on discrete choice
theory, in which both route choice and departure time choice are considered.



Considering travelers’ choice behavior rather than network equilibrium in the network
condition calculation for dynamic congestion pricing simulation. Though application of
traveler’s choice behavior in congestion pricing research is not new, according to the
published literature, this is the first application of its integration in simulating dynamic
congestion pricing scenarios.



Enhancing the capability of the DynaMIT software to simulate congestion pricing.
Traveler’s behavior choice models, such as departure time choice, have also been
improved in this regard.



Demonstrating the usefulness and effectiveness of dynamic congestion pricing in the real
network by performing a case study on the LWC network in New York State. It may be
noted that such application of dynamic congestion pricing in the real network is rare.

7.3 Future research directions
The effectiveness and practical realism of the model and algorithm for dynamic congestion
pricing have been demonstrated in this thesis. However, it still has some limitations. Some
directions for future research are as follows:



Estimation and calibration of the parameters in the congestion pricing model: The
parameters for congestion pricing model are critical. Because of insufficient data, some
parameters have been cited from other research. However, as discussed in Section 6.5,
this is not the best approach since there are several limitations. Therefore, if the
congestion pricing data are available in the future, estimation and calibration should be
performed to obtain the value of the parameters.



Better optimization algorithm: Although SPSA has been proved to be both useful and
efficient, it cannot satisfy the on-line running requirements for the dynamic congestion
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pricing model. In order to run the model in real time, better algorithms are necessary.


Different objective functions: The objective function in this research is to minimize the
total travel time by all users. However, there are several other candidate objective
functions, such as: maximizing consumer surplus; maximizing social welfare;
minimizing the maximum travel time; maximizing total toll revenue; etc., which are
more appropriate in some applications. Therefore, the models may be expanded to
consider other objective functions in the future.



Departure time choice model improvement: In this research, departure time choice has
been considered by both the time and the cost. However, current data cannot support a
detailed examination on the structure of the departure time model. Since departure time
choice is still immature in the congestion pricing research, it deserves more attention in
future studies.



Cancelling trip choice and mode choice: This research only considers private cars, and
no cancelling trip is allowed. In order to simulate the congestion pricing more
realistically, a refined model is needed for the mode choice and the cancelling trip
choice.



Detailed network topology: The performance of dynamic congestion pricing in the LWC
network is poorer than the synthetic case study. One important reason is that in the LWC
network, many small branches are eliminated so that the travelers do not have many
alternative choices. In order to demonstrate the effectiveness of dynamic congestion
pricing better, a more detailed network is recommended.



Other toll collection approaches: In this research, the toll is only collected on links.
However, the tolls can also be charged in a cordon, by a single facility, or by parking. In
future research, these toll collection approaches should also be considered in the dynamic
congestion pricing model and the solution algorithm.
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Appendix A:

MATLAB Code for SPSA

SPSA function

%%%%%%%%%%%%%%%%%%%%%%%%%
SPSA algorithm for Dynamic Congestion Pricing
%%%%%%%%%%%%%%%%%%%%%%%%%
%Shunan Xu, Jan. 2009
%This code implements SPSA with constraints for dynamic congestion pricing.
clear all
%%%%%%%%%%%
Global variables
%%%%%%%%%%%
global no_intervals
% # Time intervals
global start_time
% starting time of estimation interval
global main_dir
global cost_init
% initial ODs
global no_prev_intervals
global no_tollplazas % # of tollplazas
global no_costs
% # of costs = # of tollplazas * # of times
global total_time_pack
%%%%%%%%%%%%%%%%%%%%%
Filenames
%%%%%%%%%%%%%%%%%%%%%
initial_fn_value_file = 'spsa_output/fn_theta_0.dat';
delta_file = 'spsa_output/delta.dat';
scaled_delta_file = 'spsa_output/delta_scaled.dat';
gradient_log_file = 'spsa_output/grad_log.dat';
final_obj_fn_file = 'spsa_output/final_fn.dat';
final_theta_file = 'spsa_output/x_final.dat';
iter_theta_file = 'spsa_output/x_values.dat';
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iter_obj_fn_file = 'spsa_output/fn_values.dat';
fn_path_file = 'spsa_output/fn_path.dat';
rmsn_file = 'spsa_output/best/rmsn_best.dat';
best_theta_file = 'spsa_output/best/best_od.dat';
main_dir = '/home/xushunan/DTA/';
best_snob_file = 'spsa_output/best_snob.dat';
best_theta_file = 'spsa_output/best_theta.dat';
snob_change_file = 'spsa_output/snob_change.dat';
%%%%%%%%%%%%%%%%%%%%%
Variable initialization
%%%%%%%%%%%%%%%%%%%%%
total_time_pack = [];
start_time = 25200;
no_intervals = 12;
no_tollplazas = 10;

% 7:00 am
% 7:00 am to 10:00 am

no_costs = no_tollplazas*(no_intervals*15+30);
cd(main_dir)
%%%%%%%%%%%%%%%%%%%%%
Read original costs
%%%%%%%%%%%%%%%%%%%%%
system(['rm temp.dat']);
cost_seed_temp = load('lwc/cost_seed.dat');
cost_seed = [];
for ii=1:no_tollplazas
for jj=1:(no_intervals*15+30)
cost_seed = [cost_seed; cost_seed_temp(ii+(jj-1)*no_tollplazas)];
end
end
cost_seed = cost_seed';
cost_init = cost_seed;
size(cost_seed)
theta_0 = cost_seed(1:no_costs);
%%%%%%%%%%%%%%%%%%%%%
Read simulation parameters
%%%%%%%%%%%%%%%%%%%%%
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n = 40
n_time = 15;

%total no. of loss measurements
%assume in n_time minutes the toll is unchange

cases = 1;
grad_reps = 2;
alpha =.602;
gamma =.101;
a = 1400;
c = 30;
A = 10;

% c is used to control the step size of search
% A is used to control the speed of decrease

lossfinalsq=0;
lossfinal=0;

%variable for cum.(over 'cases')squared loss values
%variable for cum. loss values

% no. of reps for averaging the gradient approximation

%low bound is 0, and upper bound is 600, means $6.
theta_lo = 0*theta_0;
theta_hi = 600 + theta_lo;
rand('seed',31415927)
randn('seed',3111113)
%%%%%%%%%%%%%%%%%%%%%
Begin simulation
%%%%%%%%%%%%%%%%%%%%%
cd mfiles;
initial_fn_value = snob_func(theta_0); % snob_func: calculate the average travel time
cd ..;
best_snob = initial_fn_value;
best_theta = theta_0;
system(['rm lwc/tollplaza_iter_0.dat']);
system(['cp lwc/tollplaza.dat lwc/tollplaza_iter_0.dat']);
tmp_x = theta_0';
tmp_fn = initial_fn_value;
eval(['save ', initial_fn_value_file, ' tmp_fn -ascii;']);
x_values = [];
fn_values = [];
fn_path = initial_fn_value;
grad_log = [];
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cont = 'n';
for i=1:cases
theta=theta_0;

% Start at seed parameter values

best_snob = initial_fn_value;
best_theta = theta_0;
prev_path_y = 0;
prev_theta = best_theta;
prev_path_path = [];
best_path_path = [];
for k=0+0:n-1+0
ak = a/(k+1+A)^alpha;
ck = c/(k+1)^gamma;
ghat = 0;
tmp_fn_grad_reps = [];

% store sum of gradient reps for averaging
% Store the fn values for averaging

for xx = 1:grad_reps,
delta = []
num_loops = no_costs/n_time;
% generate delta
for yy = 1:num_loops,
ran_num = 2*round(rand(p,1))-1;
for zz = 1:n_time,
delta = [delta; ran_num];
end
end %yy loop end
eval(['save ', delta_file, ' delta -ascii;']);
delta = delta' ;
eval(['save ', scaled_delta_file, ' delta -ascii;']);
thetaplus = theta + ck*delta;
thetaminus = theta - ck*delta;
% These four lines below invoke component-wise constraints
thetaplus=min(thetaplus,theta_hi);
thetaplus=max(thetaplus,theta_lo);
thetaminus=min(thetaminus,theta_hi);
thetaminus=max(thetaminus,theta_lo);
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x_values = [x_values; thetaminus' tmp_x thetaplus'];
tmp_x = theta'; % reset to theta for next grad rep
cd mfiles/;
yplus=snob_func(thetaplus)
yminus=snob_func(thetaminus)
cd ..;
%

Store the two fn values
tmp_fn_grad_reps = [tmp_fn_grad_reps; yminus yplus];
ghat_temp = [];
for zz = 1:no_costs,%generate delta
ghat_temp = [ghat_temp; ((yplus - yminus)/(2*ck*delta(zz)))];
end %generate delta
ghat_temp
ghat = ghat + ghat_temp';
end % end of reps for grad averaging
aa = mean(tmp_fn_grad_reps(:,1));
bb = mean(tmp_fn_grad_reps(:,2));
fn_values = [fn_values; aa bb];
ghat = ghat/grad_reps;
grad_log = [grad_log; ghat'];
eval(['save ', gradient_log_file, ' grad_log -ascii;']);
theta=theta-ak*ghat
% Two lines below invoke component-wise constraints
theta=min(theta,theta_hi);
theta=max(theta,theta_lo);

cd mfiles/;
path_y = snob_func(theta);
cd ..;
system(['rm lwc/tollplaza_iter_',int2str(i),'_',int2str(k+1),'.dat']);
system(['cp lwc/tollplaza.dat lwc/tollplaza_iter_',int2str(i),'_',int2str(k+1),'.dat']);
if path_y < best_snob
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best_theta = theta;
best_snob = path_y;
eval(['save ', best_snob_file,' best_snob -ascii;']);
eval(['save ', best_theta_file,' best_theta -ascii;']);
end % if
% If the current result is greater than previous value / 0.9, return to the previous one
if ((k > 0) && ((path_y*0.9) > prev_path_y))
prev_path_path = [prev_path_path; k path_y prev_path_y];
path_y = prev_path_y;
theta = prev_theta;
end % if
prev_path_y = path_y;
prev_theta = theta;
% If the current result is greater than best value / 0.7, return to the best one
if ((k > 0) && ((path_y*0.7) > best_snob))
best_path_path = [best_path_path; k path_y best_snob];
path_y = best_snob;
theta = best_theta;
end % if
fn_path = [fn_path; path_y];
eval(['save ', fn_path_file, ' fn_path -ascii;']);
eval(['save ' , snob_change_file, ' prev_path_path -ascii;' ]);
eval(['save ' , snob_change_file, ' best_path_path -ascii;' ]);
tmp_x = theta';
eval(['save ', iter_theta_file, ' x_values -ascii;']);
eval(['save ', iter_obj_fn_file, ' fn_values -ascii;']);
end % iterations (k = 0:n-1)
% save current fn values (at theta)
eval(['save ', final_theta_file, ' theta -ascii;']);
lossvalue = path_y;
lossfinalsq=lossfinalsq+lossvalue^2;
lossfinal=lossfinal+lossvalue;
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end % replications (i = 1:cases)
% Display results: Mean loss value and standard deviation
disp(['mean loss value over ', int2str(cases), ' runs']);
final_fn = lossfinal/cases;
eval(['save ', final_obj_fn_file, ' final_fn -ascii;']);
eval(['save ', best_theta_file, ' best_theta -ascii;']);
end
cd mfiles/;

SNOB_fun function
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
This function is used to call DynaMIT to calculate the objective function value
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
function y = snob_func(X)
%%%%%%%%%%%
Global variables
%%%%%%%%%%%
global no_intervals
global start_time
global main_dir
global cost_init
global no_tollplazas
global no_costs
global total_time_pack

% # Time intervals
% starting time of estimation
% initial costs
% # of tollplazas
% # costs = # tollplazas * # times (interval*interval lenth)

%%%%%%%%%%%
Filenames
%%%%%%%%%%%
cd(main_dir);
current_iter_counter_file = 'spsa_output/avg_iter.dat';
obj_fn_value_file = 'spsa_output/bigsum.dat';
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TotalTime_CAL = 'ccfiles/totalTravelTime';
travel_time_file = 'lwc/tmp/est_packettime1.out';
total_time_file = 'spsa_output/totaltime.dat';
time_pack_file = 'spsa_output/time_pack.dat';
n_iterations = 1; % no. of runs over which averging is done
format long;
cd(main_dir);
y = 0;
bigsum = 0;
parameter_set = X;
%%%%%%%%%%%
Update tollplaza
%%%%%%%%%%%
save temp.dat parameter_set -ascii;
cd mfiles;
CHANGEPARAMETER(parameter_set); % CHANGEPARAMETER: update tollplaza
cd ..;
%%%%%%%%%%%
Run DynaMIT
%%%%%%%%%%%
for counter = 1:n_iterations
eval(['save ', current_iter_counter_file, ' counter -ascii']);
cd('lwc/');
system('rm linktime.dat');
system('cp linktime_original.dat linktime.dat');
system('./cleanup');
system('./DynaMIT_P dtaparam_P.dat > zzz');
cd ..;
% calculate total travel time
eval(['!', TotalTime_CAL,...
' ', travel_time_file,...
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' ', total_time_file]);
times = load(total_time_file);
total_time = times(1)
total_pack = times(2)
compare = [total_time total_pack]
save compare.out compare -ascii;
% Add to total
bigsum = bigsum + total_time;
end
bigsum = bigsum/n_iterations;
bigsum = bigsum/total_pack;
if (isnan(bigsum))
bigsum = 1000000000000000;
end
%%%%%%%%%%%
Save and return
%%%%%%%%%%%
eval(['save ', obj_fn_value_file, ' bigsum -ascii'])
total_time_pack = [total_time_pack; total_time bigsum total_pack];
eval(['save ', time_pack_file, ' total_time_pack -ascii;']);
cd mfiles;
y = bigsum;

CHANGEPARAMETER function
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
This function is used to reset tollplaza based on the result of the previous iteration
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

127

function CHANGEPARAMETER(Y)
%%%%%%%%%%%
Global variables
%%%%%%%%%%%
global no_intervals
global start_time
global main_dir
global cost_init
global no_tollplazas
global no_costs

% # Time intervals
% starting time of estimation
% initial costs
% # of tollplazas
% # costs = # tollplazas * # times (interval*interval lenth)

%%%%%%%%%%%
Filenames
%%%%%%%%%%%
ResetToll_EXEC = 'ccfiles/resetTollplaza';
cost_file = 'temp.dat';
tollplaza_file = 'shunan_test/tollplaza.dat';
new_tollplaza_file = 'fdsa_output/new_tollplaza.dat';
%%%%%%%%%%%%%%%%%%%%%%%
Call C++ program to change tollplaza data
%%%%%%%%%%%%%%%%%%%%%%%
cd ..;
eval(['!', ResetToll_EXEC,...
' ', cost_file,...
' ', tollplaza_file,...
' ', new_tollplaza_file,...
' ', int2str(no_tollplazas)]);
system(['rm shunan_test/tollplaza.dat']);
system(['mv spsa_output/new_tollplaza.dat shunan_test/tollplaza.dat']);
cd mfiles/;
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